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Abstract—To efficiently exploit network resources operators do
traffic engineering (TE), i.e., adapt the routing of traffic to the
prevailing demands. TE in large IP networks typically relies on
configuring static link weights and splitting traffic between the
resulting shortest-paths via the Equal-Cost-MultiPath (ECMP)
mechanism. Yet, despite its vast popularity, crucial operational
aspects of TE via ECMP are still little-understood from an
algorithmic viewpoint. We embark upon a systematic algorith-
mic study of TE with ECMP. We first consider the standard
“splittable-flow” model of TE with ECMP, put forth in [18].
We settle a long-standing open question by proving that, in
general, even approximating the optimal link-weight configuration
for ECMP within any constant ratio is an intractable feat. We also
initiate the analytical study of TE with ECMP on specific network
topologies and, in particular, datacenter networks. We prove that
while TE with ECMP remains suboptimal and computationally-
hard for hypercube networks, ECMP can, in contrast, provably
achieve optimal traffic flow for the important category of folded
Clos networks. We next investigate the approximability of TE
with ECMP in the more realistic ‘“unsplittable-flow” model and
present upper and lower bounds for scheduling ‘“‘elephant” flows
on top of ECMP (as in, e.g., Hedera [4]). Our results complement
and shed new light on past experimental and empirical studies
of the performance of TE with ECMP.

I. INTRODUCTION

The rapid growth of online services (from video streaming
to 3D games and virtual worlds) is placing tremendous de-
mands on the underlying networks. To make efficient use of
network resources, adapt to network conditions, and satisfy
user demands, network operators do traffic engineering (TE),
i.e., tune routing-protocol parameters to control how traffic
is routed across the network. Our focus in this paper is on
the prevalent mechanism for engineering the flow of traffic
within a single administrative domain (e.g., company, univer-
sity campus, Internet Service Provider, and datacenter): TE
with Equal-Cost-MultiPath (ECMP) [23] via static link-weight
configuration.

Most large IP networks run Interior Gateway Protocols,
e.g., Open Shortest Path First (OSPF) [25]], to compute all-
pairs shortest-paths between routers based on configurable
static link weights. The ECMP feature was introduced to
exploit shortest-path diversity by enabling the “split” of traffic
between multiple shortest-paths via per-flow static hashing [8].
See Figure [I] for an illustration of shortest-path routing and
ECMP traffic splitting on a simple network topology. Hence,
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Fig. 1: An illustration of Equal-Cost-MultiPath routing: 4 TCP
connections, called “flows 1-4”, originate at (source) router s
and are destined for (target) router t. All link weights are
1. Observe that (s,b,c,t), (s,b,e,t) and (s,d,e,t) are (all)
the induced shortest-paths from s to ¢. Each router now uses a
static hash function on packet headers to map every connection
to an outgoing link on a shortest-path to its destination, e.g.,
router s can map each of the flows 1-4 to the link (s, b) or the
link (s, d) according to its hash function. The figure describes
a possible mapping of flows to outgoing links.

today’s TE often constrains the flow of traffic in two important
respects: (1) traffic from a source to a destination in the
network can only flow along the shortest paths between them
(for the given configuration of link weights); and (2) traffic
can only be split between multiple shortest paths (if multiple
shortest paths exist) in a very specific manner (as illustrated
in Figure [T)).

Despite many proposals for alternative TE protocols and
techniques, “traditional” TE with ECMP remains the prevalent
mechanism for engineering the (intradomain) flow of traffic
in today’s Internet because, alongside its limitations, TE with
ECMP has many advantages over other, more sophisticated
schemes: stable and predictable paths, relatively low protocol
overhead, implementation in existing hardware, simple config-
uration language, scalability, a built-in failure recovery mech-
anism, and more. Still, while ECMP is the subject of much
empirical and experimental study (e.g., for ISP networks [15]]
and for datacenter networks [19]), even crucial operational
aspects of TE with ECMP are little-understood from an algo-
rithmic perspective: Can the configuration of link weights be
done in a provably good manner? What conditions on network
topologies lead to desirable TE guarantees? Can algorithmic
insights aid in “fixing” ECMP’s documented shortcomings,



e.g., the suboptimal routing of large (“elephant”) flows? We
embark on a systematic algorithmic study of TE with ECMP.
Our main contributions are discussed below.

Optimizing link-weight configuration? In practice, link
weight configuration often relies on heuristics, such as setting
link weights to be inversely proportional to capacity [10].
While reasonable, these heuristics come with no guarantees.
Can link-weight configuration be executed in a provably good
manner? We consider the standard “splittable-flow model” of
TE with ECMP, put forth by Fortz and Thorup [16], [17], [18],
and the common objective of minimizing the maximum link
utilization. We settle a long-standing open question by proving
a devastating impossibility result: No computationally-efficient
algorithm can approximate the optimal link-weight config-
uration (with respect to this objective) within any constant
ratio. We show that this inaproximability result extends to
other metrics of interest, e.g., maximizing total throughput
and minimizing the sum of (exponentially-increasing) link
costs (introduced in [16]]). Our proof utilizes a new (“graph-
power”) technique for amplifying an inapproximability factor.
We believe that this technique (somewhat inspired by the
“diamond graph” in [24])) is of independent interest and may
prove useful in other TE (and flow optimization, in general)
contexts.

Optimizing ECMP performance on specific (datacenter)
network topologies. The above negative result establishes that
without imposing any restrictions on the network topology,
TE with ECMP comes with no reasonable (provable) guar-
antees whatsoever. What about specific network topologies
of interest? What conditions on network topology imply
good guarantees? We take the first steps in this research
direction. We consider two recent proposals for datacenter
network topologies: folded Clos networks (VL2 [19]) and
hypercubes (BCube [20], MDCube [31]],). Our main positive
result establishes that in the splittable-flow model, TE with
ECMP is optimal for the important category of folded Clos
networks. We show, in constrast, that in hypercubes computing
the optimal link weights for ECMP is NP-hard.

Our optimality result for folded Clos networks supports
the experimental results in [4] regarding the routing of small
(mice) flows via ECMP in Clos networks. Our result also
supports the experimental findings in [13]. To avoid TCP
packet reordering, ECMP routing splits traffic across mul-
tiple paths at an (IP-)flow-level granularity, that is, packets
belonging to the same IP flow traverse the same path. Con-
sequently, a key limitation of ECMP is that large, long-lived
(“elephant”) flows traversing a router can be mapped to the
same output port. Such “collisions” can cause load imbalances
across multiple paths and network bottlenecks, resulting in
substantial bandwidth losses [13]], [4]. [13]] advocates replacing
today’s ECMP traffic splitting scheme with packet-level traffic
splitting (i.e., allowing the “spraying” of packets belonging to
the same flow across multiple paths). [[13]] shows, via extensive
simulations, that “ECMP-like” traffic splitting at packet-level

granularity leads to significantly better load-balancing of traffic
and, consequently, better network performance in folded Clos
networks (“fat-trees”). We point out that as the splittable-
flow model in [13] captures fine-grained traffic splitting, our
optimality result for folded-Clos networks provides a strong
theoretical justification for this claim.

Optimizing the routing of elephant flows. As discussed
above, ECMP’s flow-level traffic splitting can result in poor
utilization of network resources and in undesirable phenomena
such as link congestion. Beyond transitioning to ECMP traffic
splitting at packet-level, researchers have also examined other
possible approaches to alleviating this. Recent studies, e.g.,
Hedera [4] and DevoFlow [11], call for dynamically schedul-
ing elephant flows in datacenter (folded Clos) networks so
as to minimize traffic imbalances (while still routing small,
“mice” flows via ECMP). We now focus on the unsplittable-
flow model, which captures the requirement that all packets
in a flow (be it long-lived or short-lived) traverse the same
path, and investigate the approximability of elephant flow
routing. We show that this task is intractable and devise
algorithms for approximating the (unattainable) optimum. We
discuss the connections between our algorithmic results and
past experimental studies along these lines.

Organization. We present our inapproximability result for
optimizing link-weight configuration in Section[[TI] We present
our results for TE with ECMP for specific (datacenter) net-
work topologies (folded Clos networks and hypercubes) in
Section [[V] Our results for scheduling elephant flows in folded
Clos networks appear in Section [V We conclude and present
directions for future research in Section Due to space
constraints many proofs are deferred to the full version of the

paper [1].

II. EMCP ROUTING MODEL

We now present the standard model for TE with ECMP
from [18]. We refer the reader to [16], [17], [18] for a
more thorough explanation of the model and its underlying
motivations. We shall revisit some of the premises of this
model in Section [V]

Network and traffic demands. The network is modeled as
an undirected graph G = (V| E), where each edge e € E has
fixed capacity c.. Vertices in V represent routers and edges
(links) in E represent physical communication links between
routers. We are given a |V| x |V| demand matrix D such that,
for each pair s,t € V, the entry Dy, specifies the volume of
traffic, in terms of units of flow, that (source) vertex s sends
to (target) vertex .

Flow assignments. A flow assignment is a mapping f :
V xV xE — RY\ {0}. f(s,t,e) represents the amount
of flow from source s to target t traversing edge e. Let
fe =ZXs1ev f(s,t,e), that is, f. denotes the total amount of
flow traversing edge e . We restrict out attention (unless stated
otherwise) to flow assignments that obey two conventional



constraints: (1) flow conservation: Vv € V, Vs, t € V such
that v # s and v # {, Yeep, f(s,t,e) = 0, where E, is
the set of v’s incident edges in F; (2) demand satisfaction:
for all s,t € V Xeep, f(s,t,e) = Zeecp, f(s,t,e) = Ds.
(Observe that in some scenarios a flow satisfying the two
above conditions must exceed the capacity of some link, i.e.,
fe > c. for some edge e).

Link-weight configurations and routing. A link-weight con-
figuration is a mapping from edges to nonnegative “weights”
w : E — RT\ {0}. Every such link-weight configuration
w induces the unique flow assignment that adheres to the
following two conditions:

« Shortest-path routing. Link weights in w induce shortest
paths between all pairs of vertices, where a path’s length
is simply the sum of its link weights. All units of flow
sent from source s to target ¢ must be routes along the
resulting shortest-paths between them. We next explain
how traffic is split between multiple shortest paths.

« Equal splitting. All units of flow traversing a vertex v en
route to a given target vertex ¢ are equally split across all
of v’s outgoing links on shortest-paths from v to target ¢.

Optimizing link weight configuration. We study the opti-
mization of link-weight configuration for ECMP routing. We
consider 3 optimization goals:

¢ MIN-ECMP-CONGESTION (MEC). A natural and well-
studied optimization goal is to minimize the maximum
link utilization, that is, to engineer a flow assignment
f (via link-weight configuration) so that maz.c Ei— is
minimized. ’

e MIN-SUM-COST. Another optiomization goal that has
been studied in the context of TE with ECMP is MIN-
SuM-CosT [16], [L7], [L8], [30]: minimizing the sum of
edge-costs under a given flow Eegb(%), where ¢ is an
exponentially-increasing cost function, e.g., ¢(z) = 2.

¢ MAX-ECMP-FLOW (MEF). MEF can be regarded as
the straightforward generalization of classical max-flow
objective to the multiple sources / multiple targets (i.e.,
multicommodity flow) setting. Here the goal is to send as
much traffic through the network while (i) not exceeding
the demands in D (i.e., possibly violating “demand
satisfaction”, as defined above) and (ii) not exceeding the
link capacities.

Approximating the optimum. While in some scenarios com-
puting the optimal solution with respect to the above opti-
mization goals is tractable, in other scenarios this task is NP-
hard. We therefore also explore the approximability of these
goals. We use the following standard terminology. Let .4 be an
algorithm for a minimization problem P. For every instance
I of P, let A(I) denote the value of A’s outcome for I and
OPT(I) denote the value of the optimal solution for I. A is a
polynomial-time a-approximation algorithm for P for av > 1
if A runs in polynomial time and for any instance I of P,
A(I) < «-OPT(I). Similarly an algorithm .4 is a polynomial-
time a-approximation algorithm for a maximization problem

P, for « > 1, if A runs in polynomial time and, for any
instance I of P, A(I) > OPTTI).

III. TE wiTH ECMP 1S INAPPROXIMABLE!

We settle a long-standing question by showing that opti-
mizing link-weight configuration for ECMP is not only NP-
hard but cannot, in fact, be approximated within any ‘“rea-
sonable” factor (unless P=NP) with respect to all 3 optimiza-
tion goals discussed in Section MIN-ECMP-CONGESTION,
MIN-SUM-COST, and MAX-ECMP-FLOW. Remarkably, these
inapproximability results hold even when the demand matrix
has a single nonzero entry, i.e., when only a single router aims
to send traffic to another router. Hence, in general, configuring
link-weights for ECMP cannot be done in a provably good
manner.

Theorem 3.1: No  computationally-efficient  algorithm
can approximate the optimum with respect to MIN-ECMP-
CONGESTION, MIN-SUM-COST or MAX-ECMP-FLOW,
within any constant factor o > 1 unless P = N P, even when
the demand matrix has a single nonzero entry.

The remainder of the section provides an overview of the
main ideas in the proof of Theorem [3.1] for the MIN-ECMP-
CONGESTION and MAX-ECMP-FLOW objectives. The proof
for MIN-SUM-COST is more involved and is deferred to the
full version of the paper [1].

We henceforth focus on the scenario that the demand matrix
has a single nonzero entry. Below, we discuss the three
main ingredients of the proof of Theorem [3.I} (1) a new
graph-theoretic problem called “MAX-ECMP-DAG”, which
we prove is inapproximable within a small constant factor; (2)
amplifying this inapproximability result for MAX-ECMP-DAG
via a new technique to establish that MAX-ECMP-DAG is not
approximable within any constant factor; and (3) showing that
our inapproximability result for MAX-ECMP-DAG implies
similar results for both MIN-ECMP-CONGESTION and MAX-
ECMP-FLOW.

A. MAX-ECMP-DAG

MAX-ECMP-DAG. We present the following graph-theoretic
problem called “MAX-ECMP-DAG”. In MAX-ECMP-DAG,
the input is a capacitated directed acyclic graph (DAG) H
and a single source-target pair of vertices (s,t) in H. We
associate with every sub-DAG H of H that contains s and ¢ a
flow assignment fj as follows. Given H, the flow assignment
fg is the max-flow from s to ¢ in H subject to the constraint
that every vertex in H split outgoing flow equally between
all of its outgoing edges in H. The objective in MAX-ECMP-
DAG is to find the sub-DAG of H for which the induced flow
is maximized, i.e., maxgz |fz]|.

Inapproximability result for MAX-ECMP-DAG. We prove
that MAX-ECMP-DAG is inapproximable within a (small)
constant factor via a reduction from a hardness result for
MIN-ECMP-CONGESTION in [18]]. We shall later amplify this
inapproxmability ratio.

Theorem 3.2: Given a MAX-ECMP-DAG instance I, dis-
tinguishing between the following two scenarios is NP-Hard:
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« OPT(I)=1

« OPT(I) =2

where OPT(I) is the value of the optimal solution for I.

Proof of Theorem [3.2] can be found in Appendix [B] Observe
that Theorem [3.2] implies that MAX-ECMP-DAG cannot be
approximated within a factor of % (unless P=NP).

B. Amplifying the Inapproximability Gap

We can now leverage Theorem to prove that that MAX-
ECMP-DAG is not approximable within any constant factor.

Amplifying the inapproximability gap: new technique.
Our proof relies on a new technique for amplifying an
inapproximability gap. Roughly speaking, we show how to
create, given an instance Iy of MAX-ECMP-DAG, a new,
polynomially-bigger, instance I; of MAX-ECMP-DAG such
that OPT(I;) = (OPT(Iy))?. Observe that as distinguishing
between the scenario that OPT'(Iy) = 1 and the scenario that
OPT(Iy) = 2 is NP-hard, distinguishing between the scenario

3
that OPT(I;) = 1 and the scenario that OPT(I;) = (2)*
is also NP-hard. By applying this idea multiple times the
inapproximability gap can be further amplifyed to an arbitrary

(constant) factor.

The ® operator: intuition. We now sketch the key tool used
in our proof technique. We define the “® operator” that, given
two MAX-ECMP-DAG instances, constructs a new MAX-
ECMP-DAG instance. Before formally defining the ® operator,
we illustrate its use via the example in Figure [2| Consider the
MAX-ECMP-DAG instance [ in Figure 2] The numbers in
black are edge capacities and the orange arrows indicate the
direction of the edges. Observe that the optimal solution for I
is the sub-DAG that contains the edges (s, a), (a,b), (b,t), and
(a,t) and that the value of this solution is 9. Specifically, the
optimal solution routes 9 units of flow through (s, a), which
are then equally split between(a,b) and (a,t), and the 4.5
units of flow entering vertex b are then sent directly to t.
Now, consider the instance I; of MAX-ECMP-DAG, shown
in Fig. 4] that is obtained from I as follows. Let Gy be the
network graph in Iy. We replace each edge (u, v) in G with an
exact copy of Gp. We connect vertex u to the source vertex in
this copy of G and vertex v to the target vertex. The capacity
of each edge in this copy of G is set to be its original capacity
in G multiplied by the capacity of (u,v). The capacities of
the edges connecting vertices u and v to this copy of G are
set to be oo.

We argue that the optimal solution for I, OPT(l)
is f* = 92 = 81. We now provide some intuition for
this claim. Let GG; be the network graph in [I;. Consider
G(u,v)» the copy of Gy that was used in the construction
of I; to replace the edge (u,v) in Gj. Specifically,
consider G(a,b)’ with V(G(ayb) = {Sa,b7aa,baba,b7ta,b7}
and  E(Gp) = {(5(ap)r @ap))s (5(ab)s Oap))s
(a(a’b), b(a’b)), (a(a’b), t(a,b))7 (b(a,b)7 t(a,b))}' Observe that the
optimal sub-DAG of G, ) in terms of maximizing the flow
from s, ) t0 t(4,p) is precisely as in the optimal solution
for Iy. Observe also that the value of the optimal solution
within G, ) is 9 X 6, that is, f* multiplied by the capacity
of the edge (a,b) in Go. Similarly, every subgraph G, .
can route a flow of f* x cg,((u,v)), where cg,((u,v)) is the
capacity of the edge (u,v) in Gy. Hence, the network graph
G can be abstracted as in Figure [3] (replacing each copy of
Gy by a single edge with the appropriate capacity). A simple
argument shows that the optimal solution in this instance of
MAX-ECMP-DAG has value (f*)2, the value of the optimal
solution in Iy multiplied by a scaling factor of f*.

The ® operator: formal definition. Let /; and I be two
MAX-ECMP-DAG instances. We now define the operation
I, ® I,. Let G; and G5 be the network graphs in I; and
I, respectively. I = [} ® I is an instance of MAX-
ECMP-DAG with network graph G constructed as follows.
We create, for every edge e € FE(G1), a copy of G,
G.. Let s, and t. denote the source and target vertices in
G., respectively. The set of vertices in G consists of the
vertices in V(G1) and also of the vertices in all V(G,)’s,
ie., V(G) = V(G1)U.cp(c,) V(Ge). The set of edges in G
contains all the edges in the different F(G,)’s, and also the
edges (u, s¢) and (e, v) for every edge e = (u,v) € E(G1),
ie, E(G) = Ue:(u,v)GE(Gl)({(u’ se)(te,v)} U E(Ge)). The



capacity of every edge in G, is set to be the capacity of the
corresponding edge in G2 multiplied by the capacity of e in
I,. The capacity of every edge of the form (u,s.) or (te,v)
is set to oo.

Gap amplification via the ® operator. We prove a crucial
property of the ® operator: applying the ® operator to an
instance I of MAX-ECMP-DAG k times increases the value
of the optimal solution from OPT'(I) in the original instance
I to (OPT(I))¥ in the resulting new instance of MAX-ECMP-
DAG.

Lemma 3.3: Let I be an instance of MAX-ECMP-DAG.
OPT(®FI) = (OPT(I))*** for any integer k > 0.

Proof of Lemma [3.3] is in Appendix [C] Lemma [3.3] can
now be used to prove that no constant approximation ratio
is achievable for MAX-ECMP-DAG. Recall that, by The-
orem [3.2] distinguishing, for a given a MAX-ECMP-DAG
instance I, between the following two scenarios in NP-hard:
(1) OPT(I) = 1; and (2) OPT(I) = 2. Observe that when
combined with Lemma [3.3] this implies that distinguishing, for
a given a MAX-ECMP-DAG instance I, between the following
two scenarios is also NP-hard: (1) OPT(I) = 1; and (2)
OPT(I) = (2)* for any constant integer k > 0.

C. Relating MAX-ECMP-DAG to MIN-ECMP-CONGESTION,
MAX-ECMP-FLOW, and MIN-SUM-COST

We present the following lemma, which concludes the proof.
Lemma 3.4: For any o > 1, if MAX-ECMP-DAG is NP-
hard to approximate within a factor of « then
¢ MIN-ECMP-CONGESTION is NP-hard to approximate
within a factor of « in the single source-target pair setting;
¢ MAX-ECMP-FLOW is NP-hard to approximate within a
factor of « in the single source-target pair setting.
Our proof of this lemma also involves the application of the
® operator and is deferred to Appendix
As for MIN-SUM-COST, we leverage operator ® to prove
a a-inapproximability result, for every a > 1. Proof is in

Appendix [E]

D. Non-Constant (Almost Polynomial) Inapproximability Fac-
tors

Theorem 3.1l shows that both MIN-ECMP-CONGESTION and
MAX-ECMP-FLOW cannot be approximated with any constant
factor unless P=NP. However, a slightly weaker computa-
tional complexity assumption, namely that not all problems
in NP can be solved in ‘“quasi-polynomial time”, can lead
to an even worse (i.e., higher) inapproximability factor: both
MIN-ECMP-CONGESTION and MAX-ECMP-FLOW are hard to
approximate within a non-constant factor that is “almost” a
constant power of the size of the input instance. Again, this
result is achieved via the repeated use of our gap-amplification
technique (see, e.g., [6] for a similar approach).

Theorem 3.5: MIN-ECMP-CONGESTION and MAX-ECMP-

. cp- 3y (logn)'~¢
FLOW cannot be approximated within a factor of (5) ,
where n is the number of edges of the input graph, unless N P
is in quasi polynomial time.

Proof is in Appendix [F]

IV. TE WITH ECMP IN DATACENTER NETWORKS

We now explore the guarantees of TE with ECMP in two
specific network topologies, which have recently been studied
in the context of datacenter networks: folded Clos networks
and hypercubes. We prove that while in hypercubes optimal TE
with ECMP remains intractable, ECMP routing easily achieves
the optimal TE outcome in folded Clos networks. Our positive
result for folded Clos networks implies that TE with ECMP
is remarkably good when traffic consists of a large number of
small (mice) flows (see Hedera [4]), or when traffic is split at a
packet-level (instead of IP-flow-level, e.g., via Random Packet
Spraying [13]]), as in these contexts the splittable-flow model
well-captures the network behavior. We discuss the handling
of unsplittable large (elephant) flows in Section [V]

A. TE with ECMP is Optimal for Folded Clos Networks

We now present our optimality result for TE with ECMP in
folded Clos networks (FCNs).

Folded Clos networks. An n-FCN is a graph whose vertices
are paritioned into n sets, called stages, that is obtained via
the following recursive construction:

« A 1-FCN. A 1-FCN consists of a single stage (“stage 1)
that contains a single vertex.

« Construction an n-FCN from an (n-1)-FCN. Let F"~!
be an (n-1)-FCN. An n-FCN F™ is constructed as follows:

— Creating stages 1,...,n — 1 of F'™: Create, for some
chosen k > 0, k duplicates of F™~1: F*=t F,;L_l.
Set stage ¢ = 1,...,n — 1 of F™ to be the union
of the i’th stages of Fj'~ ! ... F/'~!. Create an edge
between two vertices in stages 1,...,n — 1 of F™ iff
the two vertices belong to the same F}" ~! and there is
an edge between the two vertices in F" ',

— Creating stage n of F": Create, for a chosen r > 0, r
new vertices v; 1, ..., v; , for every vertex ¢ in the n —
1’th stage of F™~!. Set the n’th stage of F™ to be the
union | J,{vi1...,v;,}. Create, for every vertex i in
the n—1’th stage of F™"~! an edge between each of the
k vertices in the n — 1’th stage of F™ that correspond
to vertex ¢ and each of the vertices in {v; 1,...,v;,}.

Figure [5] shows a 3-FCN constructed by interconnecting
six 2-FCNs. Past work focused on the scenario that all link
capacities in an FCN are equal (as in [3], [19], [32]). Our
positive result below extends to the scenario that only links in
the same “layer”, that is, that all links that connect the same
two stages in the FCN, must have equal capacity.

TE with ECMP is optimal for Clos networks even
when all link weights are 1. We investigate the complexity
of MIN-ECMP-CONGESTION, MIN-SUM-COST, and MAX-
ECMP-FLOW, for FCNs. We call a demand matrix for an
FCN “inter-leaf” if the sources and targets of traffic are all
vertices in stage 1 of the FCN (i.e., the leaves of the multi-
rooted tree). Inter-leaf demand matrices capture realistic traffic
patterns in datacenters, as most traffic in a datacenter flows
between the top-of-rack switches at the lowest level of the
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Fig. 5: A 3-FCN constructed by interconnecting four 2-FCNs.

datacenter topology. We present a surprising positive result:
Setting all links weights to be 1 (i.e, the default in datacenters)
results in the optimum traffic flow for any inter-leaf demand
matrix for all three optimization objectives.

Theorem 4.1: When all link weights in an FCN network
are 1 ECMP routing achieves the optimum flow with respect
to MIN-ECMP-CONGESTION, MIN-SUM-COST, and MAX-
ECMP-FLOW.

We now prove this result with respect to MIN-ECMP-
CONGESTION, and for the scenario that all edge capacities are
equal. We defer the proofs for MIN-SUM-COST and MAX-
ECMP-FLOW, and also the extension to more general edge
capacities, to the full version of the paper [1].

Proof: Let F' be an n-FCN network such that n > 2 and
all link weights are 1. An [-sub-FCN of F, for 1 <1 < n
is the subgraph of F' that is induced by all vertices in stages
1,...,1 (i.e., the graph consisting of these vertices and edges
between them only).

Now, let S be any sub-FCN of F' with [ < n stages of F' and
let FI71, ... F'~1 be all the (I —1)-sub-FCNs of S that used
in the recursive construction of S (see above). V' (S) denotes
the set of vertices in the last stage of S and V(F/~'), with
i = 1,...,m denotes the set of vertices in the last stage of
Fil_l. The following claims easily follow from the consruction
of F'and S.

Claim 1: If I > 1 (S has more than one stage), then
for every two vertices v € V(S) and u € V(F'™!) for
t=1,...,m, (u,v) is on a shortest-path from v to any vertex
in the first stage of V(F/ ™).

Proof: We prove by induction on [ that the length of
the shortest-path from v to any vertex z in the first stage of
F!'=%is |l — 1|. Clearly, if [ = 2, then there is a unique path
of length 1 between v and every vertex in the first stage. If
[ > 2, then by the induction hypothesis there exists a shortest-

path of length [ — 2 from any vertex in V(F' ') to any vertex
z in the first stage of F!~'. As v is directly connected to a
vertex in V(Fil_l), and every path to z must cross a vertex in
V(F/™1), the claim follows. [ |

Claim 2: If | > 1 (S has more than one stage), then
for every two vertices v € V(S) and u € V(F'™!) for
i=1,...,m, (u,v) is on a shortest-path from v to any vertex
in the first stage of F that is not in V(F/ ).

Proof: We prove by induction on j = n—[ that the length
of the shortest-path from any u € V(F}) to any vertex z in the
first stage of F' that is not in V(F'~') is the same. Observe
that if 5 = 0, then, by Claim m the shortest path between a
vertex in V() and a vertex z in the first stage of F that is not
in V(F/7') is n — 1. As every vertex u € V(F}) is directly
connected to a vertex in V' (S), and as all shortest-paths from
y must cross a vertex in V(S), the claim follows. Now, if
j > 1, then by induction hypothesis and by Claim [I} from
every vertex in V(S) there exists a shortest-path to z (with
nonnegative length). Since every vertex u € V (F}) is directly
connected to a vertex in V' (S) and every shortest-path from u
must cross a vertex in V'(S), the claim again follows. ]

Let F5 be the set of flows such that (i) the source vertex
is in S and the target vertex is not in S; or (ii) the sources
vertex is in F! for some i = 1,...,m and the target vertex is
in some F} for j # i.

Claim 3: Each vertex in V' (S) receives an equal fraction of
every flow f € Fg.

Proof: We prove the claim by induction on [, that is, the
number of stages of S. When [ = 1, S is simply a 1-FCN and
the claim trivially follows. Now, suppose that [ > 1. By the
induction hypothesis, each vertex v € V(Fil_l) receives the
same fraction of any flow f € Fg whose source is contained
in V(F/~1). Since every vertex in V(F} ') is connected to the
same number of vertices in V'(S), each vertex v € V(S) must



be (directly) connected to precisely one vertex m, € V(F, ll _1).
By Claim [2] v is contained in a shortest-path from m,, to the
target vertex of f, and so each vertex in V(S) receives an
equal fraction of f. ]

Let Fs be the set of flows such that the target vertex is in
S and the source vertex is not in S.

Claim 4: Bach vertex in V (S) receives an equal fraction of
every flow Fg.

Proof: We prove the claim by induction on the number
of stages I = n,...,1 of F. When | = n, F5 = @ and the
statement holds. Otherwise, if [ < n, let T be a (I + 1)-sub-
FCN of F' that contains S as a subgraph. Consider any flow
f € Fg. If the source vertex of f is in (not in) 7', then, by
Claim [3| (by the induction hypothesis), each vertex in V(T
receives an equal fraction of every flow f € Fg. Since each
vertex in v € V(T') is connected to exactly one vertex in V(S),
each vertex m,, € V(S9) is connected to the same number of
vertices in V(T), and, by Lemma (1} m, is contained in a
shortest path from v to the target vertex of f, we have that
each vertex in V(.9) receives an equal fraction of f. [ |

Let Es be the set of edges between vertices in V(S) and
vertices in stage [ — 1 of F. Observe that, by the definition of
FCN, the set of vertices in V(S) is a vertex-cut of F' for all
pairs in Fgs. Hence, each flow in Fg and Fs must traverse at
least one vertex in V(S) and through at least one edge in Es.
Let F§ be the sum of all the flows in Fg and in Fs. We have
that cljerés’ where c; is the capacity of edges between vertices
in the [’th and in the (I — 1)’th stages, is a lower bound on the
amount of flow that is routed through the most loaded edge
in Eg. We will now prove that when all link weights are 1,
this lower bound is achieved (and the theorem follows).

Edges in Eg connect vertices in V(S) to vertices in stage
I — 1 of S. Since each vertex in V() is connected to the
same number of vertices in stage [ —1 of .S and each vertex in
stage [ — 1 of S is connected to the same number of vertices
in V(9), Claim [3] and Claim [4] imply that each edge carries
an equal fraction of each flow in F35. |

B. TE with ECMP is NP-hard for Hypercubes

We now investigate MIN-ECMP-CONGESTION in hyper-
cubes. We show that, in contrast to folded Clos networks,
MIN-ECMP-CONGESTION in hypercubes is NP-hard.

Hypercubes. A k-hypercube is a graph in which the set
of vertices is {0,1}* and an edge between two vertices
u=(uy,...,ux) and v = (vq,...,v,) exists iff the hamming
distance between u and v is 1 (that is, the two vertices differ
in just a single coordinate).

Optimizing TE with ECMP is intractable for hypercubes.
We present the following hardness result for hypercubes.
Theorem 4.2: Computing the optimal flow with respect to
MIN-ECMP-CONGESTION in hypercubes is NP-hard.
Proof of Theorem [7.1] is in Appendix [G]

V. ROUTING ELEPHANTS IN DATACENTER NETWORKS

A key shortcoming of ECMP is that large, long-lived
(“elephant™) flows traversing a router can be mapped to the
same output port. Such “collisions” can cause load imbalances
across multiple paths and network bottlenecks, resulting in
substantial bandwidth losses. To remedy this situation, recent
studies, e.g., Hedera [4] and DevoFlow [11]], call for dynam-
ically scheduling elephant flows in folded Clos datacenter
networks so as to minimize traffic imbalances (while still
routing small, “mice” flows via link-state routing and ECMP).
We therefore next focus on the so called “unsplittable-flow
model”.

Min-Congestion-Unsplittable-Flow (MCUF). We study the
Min-Congestion-Unsplittable-Flow (MCUF) objective: The in-
put is a capacitated graph G = (V, E,c) and a set D of
“flow demands” of the form (s,¢,7) for s,t € V and v > 0,
where a single source-target pair (s,t¢) can appear in more
than one flow demand. The goal is to select, for every flow
demand (s,t,7), a single shortest-path from s to ¢, such
that the maximum load, i.e., <=, is minimized (as in MIN-
ECMP-CONGESTION, see Section [II] for formal definitions
of flow assignments and load). We aim to understand how
well unsplittable flows can be routed in datacenter network
topologies and, specifically, in FCNs.

MCUF cannot be approximated within a factor better than
2 even in 2-FCNs. We show that approximating MCUF within
a factor better than 2 is NP-hard even in a 2-FCN, i.e., in a
complete bipartite graph. Our proof relies on a reduction from
the well-studied (NP-hard) 3-EDGE-COLORING problem [22].
Proof is in Appendix

Theorem 5.1: Approximating MCUF within a factor of 2—e¢
is NP-hard for 2-FCNs for any constant € > 0.

A 5-approximation algorithm for 3-FCNs. We now consider
3-FCNs, which are of much interest in the datacenters context.
[3] and VL2 [19] advocate 3-FCNs as a datacenter topology,
and Hedera [4] and DevoFlow [11] study the routing of
elephant flows in such networks. We present a natural, greedy
algorithm for MCUF, called EQUILIBRIUM-ALGO:

o Start with an arbitrary assignment of a single shortest-
path for every source-target pair (s, ).

o While there exists a source-destination pair (s,¢) such
that rerouting the flow from s to ¢ to a different path can
either (1) result in a lower maximum load or (2) lower
the number of links in the network with the highest load,
reroute the flow from s to ¢ accordingly. We call this a
“reroute operation”.

We show that EQUILIBRIUM-ALGO has provable guaran-
tees. Recall that D is a set of flow demands

Theorem 5.2: After | D| reroute operations, EQUILIBRIUM-
ALGO approximates MCUF in 3-FCNs within a factor of 5.

Theorem [5.1] establishes that even in 2-FCNs (and hence
also in 3-FCNs) no approximation ratio better than 2 is achiev-
able. We leave open the question of closing the gap between



the lower bound of 2 and upper bound of 5 (see Section [VII).
We do show that the analysis of EQUILIBRIUM-ALGO is tight
for equal-size flows (proof in Appendix [[). We point out that
the key idea behind EQUILIBRIUM-ALGO (rerouting flows to
least loaded paths until reaching an equilibrium) resembles
the simulated annealing procedure in Hedera [4] and can
be regarded as a first step towards analyzing the provable
guarantees of this family of heuristics.

Proof for S-approximation. We introduce the following nota-
tion. Consider a 3-FCN F’ that contains k,. 2-FCN, each with
ky vertices in its first stage and k., vertices in its last stage.
Every 7’th vertex in the last stage of a 2-FCN is connected
to the same k; vertices in the last stage of I'. Hence, there
are kyk,, vertices in the last stage of F. We denote by b’
(mﬁ ) the ¢’th vertex in the first (second) stage of the j’th
FCN. Each vertex m; is connected to vertices 7, ..., in
the last stage of F'. See Figure /reffig:clos-bounded. Consider
a flow assignment computed by EQUILIBRIUM-ALGO. A flow
demand d € D from vertex s to vertex ¢ of size 4 is denoted
by ((z,y),v4). For each demand d € D, let py be the simple
path along which d is routed and c¢(pg) be the value of the
most congested linkof pg.

Lemma 5.3: Letd € D be a flow demand such that ¢(pg) >
5 - OPT. There exists a path p’ between s and t such that
c(p') <5-OPT — 4.

Proof: Suppose, by contradiction, that such a path p’ does

not exist. Let s = b/ and ¢t = b}, with i, g € [ky] and j,1 € [k,],
where [n] = 1,...,n. Observe that f; is a lower bound for
the optimal solution, i.e. OPT > f,;. It implies that c(pq) >
5-OPT > 5f,. Let ny, be the number of edges incident to bg
plus the number of edges incident to bé that have congestion at
least 5-OPT. Let nj, be the number of edges incident to bg plus
the number of edges incident to blg that have congestion at least
5-OPT— f; and at most 5-O PT'. We denote by F,, the amount
of flow demands that have v as a source or target vertex, i.e.
}I;Ut: Dodr=((v,),yeD Ja 20 =((.v),)ep far- Hence we have
that,

Fyi + For = 1p(5- OPT) +ny(5- OPT — fa) >
> 5n,OPT + ny(5 - OPT — OPT) = 5n,OPT + 4n,OPT
Let F, = max{f", f%}. We have that
2F, > 5ny,OPT + 4n,OPT (1)
Consider now the following obvious lower bound for OPT

F J sz F.

2

m m m

In the first lower bound, we say that the total amount of
flow originated from or directed to b} must necessarily be
splitted among its k,, edges that connect it to the vertices in
the second stage. The same bound holds for bé.

Combining (I) and (Z), we obtain

5ny,OPT + 4n,OPT

km OPT >
- 2

/

ko > ony, + 4ny,
2

km

"> Oyt 3)
Let H be the set of indices h such that both (bg,mfl) and
(b}, m},) have congestion lower than or equal to 5-OPT — fd.
By Equation (3), we have that |H| > k., — np — nj, > kp,
(3 Inp +ny,) > . Observe that, if j = [, i.e.,the source and
target vertex are both in the j-th 2-FCN, hence d can be routed
through any path (b] my,, b)), with h € H, that has congestion
less than 5 - OPT — f,. This is a contradiction, since we
assumed that such path does not exists. Hence, j # [. In this
case, let n; be the number of edges incident to any vertex tZ,
with h € H and 1 < z < k; and congestion at least 5- OPT,
and n} be the number of edges incident to any vertex ", with
h € H and 1 < z < k; and congestion between 5 OPT — fy
and 5- OPT. Observe that each path (mh, " ml) must have
congestion at least 5- OPT fa, otherwise d can be routed
through (b7, mj,, th, ml b )» Which is a contradiction since we
assumed that such path does not exists. Hence,

ny +ny > |Hlke > (kp — np — ny) ke 4)

and we have that

Y Fu+ > Fyy = (5 OPT) +n(5-OPT — f) >

i€lks] i€[kp]

> 5n:OPT + 4n,OPT = OPT (5n; + 4n})

where 37,1, ]]-"bj (X ik, Foi) is the sum of the flows
originated from or directed to a vertex in the j-th (I-th) FCN.
Let Fg = max{zle[kb] }—b?.’zze[kb] Fyr - We have that

2Fy > OPT(5n, + 4n)) (5)

Consider now the following obvious lower bounds for OPT

D iciky Tol > iciky) Tt
PT > ~i€lky] ¥ by PT > eig(ky] ¥ b;
O - ktk O ktkm,
= OPT > k};e (6)
t

After |D| reroute operations, EQUILIBRIUM-ALGO approxi-
mates MCUF in 3-FCNs within a factor of 5.

In the first lower bound, we say that the total amount of flow
originated from or directed to vertices in the j-th FCN must
necessarily be splitted among its k,,k; edges that connect it
to the last stage vertices. The same bound holds for the [-th
FCN. Combining (), and (6), we obtain



Fig. 6: A 3-FCN

with k, =

kik, OPT >

OPT (5n, + 4n})
2

Using and (3), we have that

2kiky, > Bng+4ng = 4(ng+ni)+ng > dki(kp—np—ny)+ne =

/
-np — Ny +

=4k (km 1

1 km 1
47lb> +ny > 4kt <2 + 4b>+7lt

We have that

ny T
2k;m>2(k:m —) i3
> )t
np g
0>
=2 %

which is a contradiction since at least n;, or n; is bigger than
0. In fact, at least one edge have congestion at least 5- OPT.
This concludes the proof of the lemma. ]
Theorem After | D| reroute operations, EQUILIBRIUM-
ALGO approximates MCUF in 3-FCNs within a factor of 5.
Proof: Let D' = {d € Dle(ps) > 5- OPT}. By
Lemma5.3] each flow d € D’ can be routed through a path p’
such that ¢(p’) < 5-OPT —~4 by a single rerouting operation.
Once a flow is rerouted, it does no longer belong to D’. Hence,
since |D’| < |D|, after at most D rerouting operations, each
flow d € D is such that c(py) < 5- OPT. [ |
Corollary 5.4: After | D reroute operations,
EQUILIBRIUM-ALGO approximates MCUF in 3-FCNs
within a factor of 4, if all flows have equal size.

VI. RELATED WORK

Configuring OSPF link weights and ECMP routing have
been the subject of extensive research in the past two decades
(in a broad variety of contexts: ISP networks, datacenters, and
more). Generally speaking, research along these lines has thus
far primarily focused on experimental and empirical analyses.
We now discuss relevant past studies and their connections to
our work. We refer the reader to [3]], [27] and [29] for more
complete surveys.

TE with EMCP. We study TE with ECMP routing within
the (“splittable flow”) model of Fortz and Thorup [18]]. Past
work on optimizing ECMP routing mostly examined heuristic
approaches (e.g., local search [18], branch-and-cut for mixed-
integer linear programming [26], memetic [[7]] and genetic [[14]]
algorithms) with no provable performance guarantees. [18]]
proves that mincongtitle is NP-hard and cannot be approxi-
mated within a factor of % These results leave hope that an
(efficient) algorithm for configuring link weights with good
(provable) guarantees is possible. Our inapproximability re-
sults for MIN-ECMP-CONGESTION, MIN-SUM-COST, and
MAX-ECMP-FLOW, shatter this hope (and, in a sense, establish
the necessity of heuristics).

TE with ECMP in datacenters. The emergence of data-
center networks spurred a renewed interest in interconnection
networks [12]. Topologies such as Clos networks [3l] and
generalized hypercubes [2]], [20], [31] have been proposed
as datacenter topologies. We compare Clos and hypercube
networks from an ECMP routing perspective. Our analysis
of Clos networks (Theorem [5.1) supports and explains (i)
the experimental results in [13] regarding packet-level traffic
splitting in Clos networks, and also (ii) the experimental results
in [4] regarding the routing of small (mice) flows via ECMP



in Clos networks. Our optimality result for Clos networks
shows that the optimal link weight configurations with respect
to MIN-ECMP-CONGESTION, MIN-SUM-COST, and MAX-
ECMP-FLOW, can be computed independently of the actual
demand matrix and can therefore be regarded as “oblivious
routing”. [32] presents results for oblivious routing in fat tree
topologies. Our optimality result for Clos networks can be
regarded as a generalization of the result in [32] for oblivious
multipath routing in fat trees to more general (Clos) networks
and edge capacities, and to other performance metrics (namely,
MIN-SUM-COST and MAX-ECMP-FLOW).

Routing elephant flows in datacenters. Under ECMP rout-
ing, all packets belonging to the same IP flow are routed
along the same path. Consequently, a router might map large
(elephant) flows to the same outgoing port, possibly leading
to load imbalances and throughput losses. Optimizing routes
for “unsplittable flows” is shown to be O(log n)-approximable
in [9]] for general networks. Recent work studies the routing
of unsplittable flows in Clos datacenter networks [4], [L1],
[19] and experimentally analyzes greedy and other heuristic
approaches, e.g., simulated annealing. We initiate the formal
analysis of the routing of unsplittable flows in datacenter
networks and present upper and lower bounds on the approx-
imability of this task in Clos networks. We present, among
other results, a simple, greedy 5-approximation algorithm. We
point out that the key idea behind our algorithm (rerouting
flows to least loaded paths until reaching an equilibrium)
resembles the simulated annealing procedure in Hedera [4] and
can be regarded as a first step towards analyzing the provable
guarantees of this natural heuristic.

VII. CONCLUSION AND FUTURE RESEARCH

We studied TE with ECMP from an algorithmic perspective.
We proved that, in general, not only is optimizing link-
weight configuration for ECMP an intractable task, but even
achieving a good approximation to the optimum is infeasible.
We showed, in contrast, that in some environments ECMP(-
like) routing performs remarkably well (e.g., Random Packet
Spraying in multi-rooted trees [[13], specific traffic patterns).
We then turned our attention to the question of optimizing the
routing of elephant flows and proved upper and lower bounds
on the the approximability of this task. Our results motivate
further research along the following lines:

« ECMP in datacenters. We showed that TE with ECMP
is NP-hard for hypercubes. What about approximating
the optimum? Can a good approximation be computed in
a computationally-efficient manner? Another interesting
question is adapting this result to show similar hard-
ness results for specific hypercube-inspired topologies
(e.g., Bcube [20], and MDCube [31]). What about other
proposed datacenter topologies, e.g., random graphs ala
Jellyfish [28]]?

« Routing elephants. We presented positive and neg-
ative approximability results for routing elephants in
folded Clos networks. What is the best achievable
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approximation-ratio? What are the provable guarantees of
simulated annealing (see Hedera [4]) in this context? We
believe that research along these lines can provide useful
insights into the design of elephant-routing mechanisms.
ECMP with bounded splitting. Consider a model of TE
with ECMP in which, to reflect the limitations of today’s
routers’ static hash functions used for ECMP, a router
can only split traffic to a destination between a bouded
number of links. What can be said about the provable
guarantees of TE with ECMP in this model?
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APPENDIX A
NOTATION AND TERMINOLOGY

Let G be an undirected graph. We denote by V(G) (E(G)) the
set of vertices (edges) of G. We denote by cg(e) the capacity
of edge e € E(G).

Reversibility. We now introduce an important property of a
MAX-ECMP-FLOW instance that we will leverage to prove our
inapproximability results. Let P be an optimization problem,
I = (H,s,t) be a MAX-ECMP-FLOW instance, where H is
a directed acyclic graph from s € V(H) to t € V(H), and
P*(I) be the value of the optimal solution of /. We say that
a MAX-ECMP-FLOW instance [ is non-reversible for P if
P*(1) > P*((H1,)).

APPENDIX B
MAX-ECMP-DAG CONSTANT INAPPROXIMABILITY

Refer to Appendix |A| for notation and terminology details.

Relation between MIN-ECMP-CONGESTION and MAX-
ECMP-FLOW. The following theorem has been proved by
Fortz and Thorup [18].

Theorem 2.1: Given a MIN-ECMP-CONGESTION instance
I, with unit flow demands in D, distinguishing between the
following two scenarios is NP-Hard:

e OPTyc(I)=1

e OPTyc(I) = %

where OPTyc(I) is the value of the optimal solution for
1.

We prove the following lemma, based on Theorem [2.1]

Lemma 2.2: Given a MIN-ECMP-CONGESTION instance [
with a single source-target pair, distinguishing between the
following two scenarios is NP-Hard:
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Proof: Let I = (G, D) be an MEC instance such that
OPTyc is either 1 or 2, where F' = {(s1,t1),..., (g, 1)}
is the set of source-target pair of vertices of G with Dy, ;. > 0.
For sake of simplicity, we assume that k is a power of 2. Create
a copy G’ of G and D’ of D. Add a new source vertex s into
G’ and connect it to all vertices sq, ..., s, with a binary tree
rooted at s. Add a new target vertex ¢ and connect it with an
edge to all vertices t¢1,...,tx. Let Dy = |F|, D;, = 0 for
x # s and y # t, and set the capacity of each edge of the
binary tree incident to a source (target) vertex s; (¢;) to 1 and
all the remaing edges of both binary trees to infinite. We now
show that OPTyc((G, D)) = OPTyc((G', D). Tt is easy
to see that OPTyc((G, D)) > OPTye((G',D')). In fact,
if (i) flow demand D, is splitted among every edge in the
binary tree that join s to all vertices sy, ..., s, (i) each flow
from s; is routed as in the optimal solution for 7, and (iii) each
flow is routed from each ¢; directly to ¢, then the value of this
solution will be equal to OPTyc((G, D)). By observing that
an unequal splitting through the binary tree from s to vertices
S1,..., 8k causes a congestion of 2, the lemma easily follows.

|
An instance of MIN-ECMP-CONGESTION with a single
source-target unit flow demand is denoted by I = (G, s,1).
Similarly, an instance of MAX-ECMP-FLOW with a single
source-target flow demand is denoted by I = (G, s, t).
Lemma 2.3: A link weight assignment for a graph G is
optimal for an instance (G, s,t) of MIN-ECMP-CONGESTION
if and only if it is optimal for an instance (G, s,t) of MAX-
ECMP-FLOW.

Proof: Tt is easy to see that, given an optimal solution
for an instance I = (G,s,t) of MIN-ECMP-CONGESTION,
by scaling the amount of flow sent from s to ¢ by a factor
of m, each edge will have congestion at most 1.
Hence, OPTyp(I) > m. Viceversa, given an optimal
solution for an instance I = (G, s,t) of MAX-ECMP-FLOW,
by scaling the amount of flow sent from s to ¢ by a factor of

1 i i __1

0P’ each edge w1.11 have congestion at most PToirc)

and a unit of flow will be routed from s to t. Hence,
1

OPTMc(I) < OPTw (D) | ]

Corollary 2.4: Given a MAX-ECMP-FLOW instance I with
a single source-target pair, distinguishing between the follow-
ing two scenarios is NP-Hard:
e OPTyr(I)=1
e OPTyr(I) = %
Proof: 1t easily follows by Lemma [2.3] and Theorem
|
We say that a flow assignemnt f on a graph G is realized
by a weight assignment w, if setting link weights of G
as in w, flows are routed according to f. In the proof of
Theorem [2.1] it was observed that, given an input instance
I = (G,D) of MEC, it is possible to orient every edge
of G in such a way that at least one among the optimal
flow assignment realized by an optimal weight assignment



is “compliant” with such orientation, i.e., for every edge
(z,y) € E(G), if a flow is routed from x to y, then (x,y)
is oriented from x to y. Also, authors observed that at least
a optimal flow assignment, not necessarily realized by a link
weights assignment, where flows are splitted equally, is no
better than the one obtainable with an optimal link weights
assignment. Hence, considering an instance (G, s,t) of MIN-
ECMP-CONGESTION with a single source-target unit flow from
s to t, we have that OPTyr((G,s,t)) = OPT((G, s,t)).
The following lemma guarantees that every flow assignment
with a single source-target flow demand can be realized by a
weight assignment.

Assignment of weight links and directed acyclic graphs.
For a weight function w on the edges of GG, consider the ECMP
flow associated with w, and let A(w) denote the oriented
subgraph of GG containing the edges which have nonzero flow,
and directed according to the direction of the flow. Since
ECMP routes flows along shortest-paths, A(w) is a DAG with
a source at s and a sink at . We call such a DAG an (s,t)-
DAG in I = (G, s,t). Note that given A(w), the associated
ECMP flow can be regenerated even without knowing w.

The following lemma shows that for every (s,t)-DAG H
there are weights w such that A(w) = H. This means that
optimizing over weights is equivalent to optimizing over (s, t)-
DAG, which justify our reduction to the MAX-ECMP-DAG
problem.

Lemma 2.5: For any arbitrary (s,t)-DAG A of (G, s,t),
there exists an assignment w of the edge weights of G such
that A(w) is equal to A.

Proof: We denote by out(v, A) the set of vertices of A
that have an ingoing edge from vertex v. and by sp(v,t, w)
the length of the shortest-paths from vertex v to vertex ¢
of G according to a link weight assignment w. Consider a
topological order (vy,...,v,) of the vertices of A, where
v1 =t and v,, = s. An assignment of the weights to the edges
of A that satisfies the claim of the lemma is computed by the
following procedure that processes vertices from vs to v,,. For
each vertex v;, with ¢ = 2,... n, let M be the length of the
longest shortest path from any neighbor of v; € out(v;, A),i.e.,
M = max,, cout(v;,4)15P(v1,t,w)}. For each vertex vy €
out(v;, G), we set w((vg,v;)) = M + 1 — sp(vk, t,w). This
guarantees that all the edges in out(v;, A) belong to at least
one shortest path from v; to ¢. Observe that, since vertices
are processed in topological order, we have that [ < 7 and
k < i, which implies that both sp(v;,t,w) and sp(vg,t, w)
are defined when vertex v; is processed. Observe that this
assignment implies that the shortest path in G from s to ¢ is at
most | E(G)|. For this reason, for each edge e € E(G)\ E(A),
we set w(e) = |E(G)|+ 1. This guarantees that every shortest
path between s and ¢ does not pass through an edge that is
not contained in A. ]

This lemma and the previous consideration about the rela-
tion between MAX-ECMP-FLOW and MAX-ECMP-DAG leads
to our theorem. Recall that every MAX-ECMP-DAG instance
is a directed acyclic graph with single source and target vertex.
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Theorem [3.2 Given a MAX-ECMP-DAG instance I,
distinguishing between the following two scenarios is NP-
Hard:

« OPT(I) =1

« OPT(I) =2

where OPT(I) is the value of the optimal solution for I.

APPENDIX C
® AMPLIFICATION

Lemma Let I be an instance of MAX-ECMP-DAG.
OPT(®FI) = (OPT(I))k* for any integer k > 0.

Proof: Let I = ®°I be a MAX-ECMP-DAG instance.
Recall that I is a DAG with a single source s and sink ¢. We
prove this lemma by induction on k. Let H be an optimal
solution for ®"1.

In the base case ¥k = 0, we have that OPT(®R°I) =
OPT(I)!, which is true since ®°T = I.

In the inductive case k& > 0, let I, = &FI and
I = ®F+tIT. Let Hi be an optimal solution for Ij.
We prove that there exists a sub-DAG Eka of Ix41 such
that (i) OPT(Ij4+1) = OPT(I)**2. First, we prove that
OPT(Ix11) > OPT(I)F*2, Recall that, each edge e of I
with capacity cj, (e) # oo is replaced by a DAG H, in
I4+1, where the capacity of each edge of H. is multiplied
by ¢y, (e). Consider a solution Hk+1 where each vertex of
I 11 not contained in any graph H. (i.e, each vertex in
common with I}), we split the traffic according to the optimal
solution in Iy, ie., for each edge (v,y) € FE(H}) add
(2, 8(2,)) and (f(zy),y) into Hyyi. Now, we show that
in each subgraph H. if we split traffic as Hy does in [
we can route through H. a flow that is OPT(l,) times
larger than ¢y, (¢). Namely, for each subgraph H,., where
e € E(Hy), for each edge (z,y) € E(Hp) add (we,y.)
into E(H;,1). Therefore, the maximum flow in Ijyq is
OPT(I)-OPT(I) = OPT(I)-OPT(I)**! = OPT(I)k*2,
which implies OPT (I} 1) > OPT(I)k+2,

Now, we prove that OPT (I 1) < OPT(I)k*2. Suppose,
by contradiction, that there exists a sub-DAG H k+1 of Ipyq
such that fz, > OPT(I)**2. Construct a sub-DAG Hy, of
I as follows. For each directed edge (v, u(s,y)) € E(Hpy1),
where v is a vertex of Ix4; in common with [; and U(z,y)
is the source or target vertex of any subgraph H(, ), add
(v,y) into E(Hy) if y # v, otherwise add (v, z). Since each
edge e of I;, can route a flow OPT(I) times smaller than
its corresponding subgraph H. of I.ii, we have that the

. = i k2
maximum flow through Hy, is at least O;')}JE}) > OIODITJ(T{() =

OPT(1 )k“, which is a contradiction, since, by induction
hypothesis, we have that OPT(I;) = OPT(I)**+1. ]

APPENDIX D
RELATING MAX-ECMP-DAG TO MAX-ECMP-FLOW AND
MIN-ECMP-CONGESTION

Refer to Appendix [A] for basic notation and terminology
details. Given an instance Hy of MAX-ECMP-DAG, let G, be



an undirected copy of ®*Hy. Let s and ¢ be the source and
sink vertices of Hy. We denote by I, an instance (G, s,t) of
MAX-ECMP-FLOW.

Enforcing non-reversibility. Consider Iy = (G,s,t)
such that OPTyp(lo) is either 1 or 2. If G is non-
reversible, it is possible to transform G in a non-reversible
instance with the following construction. Let r be the ratio
between the value of the optimal solution for (G, s,t)
and (Go,t,s). Since Ip is non-reversible, » < 1. Add a
new source vertex s’ into V(Gp) and connect it through a
path (s',v1,v9.v3,v4,5) to s, with infinite capacity on its
edges. Then, connect s’ to each vertex wvi,vs,v3,v4 with
an edge of capacity %. Let s’ be the new source vertex
of Iy. Observe that, by construction, the maximum flow
from s to s’ is % + % + Tle + 3%, while the maximum
flow from s’ to s is 1 since s’ can send a unit of flow to
v1,v9,v3, vy, respectively. Hence, OPTyp(Go,s',t) =
min{OPTMF(Go,S/,S),OPTMF(Go,S7t)} =
min{1, OPTyr(Go,s,t)} = OPTyp(Go,s,t) > 2 >
i + % + % + 3712 = OPTMF(G(), s, Sl) > OPTMF(GQ,t, 8/)
which means that Iy is now non-reversible.

Relating MAX-ECMP-DAG to MAX-ECMP-FLOW Given
an instance Hy of MAX-ECMP-DAG such that its undirected
copy Gy is non-reversible. Let s and ¢ be the source and sink
vertices of Hy. We denote H;, = ®@*Hy, by G, the undirected
copy of Hy, and by Ij an instance (G, s,t) of MAX-ECMP-
FLow. We say that a (s,t)-flow in Gy is compliant with H
if for every edge (x,y) € E(Gp), if a flow is routed from z
to y, then (x,y) € E(Hy).

Lemma 4.1: Suppose that in at least one optimal solution
for (Go,s,t) the (s,t)-flow is compliant with Hy. Then,
OPT(Hy) = OPTynr(Iy).

Proof: We prove it by induction. In the base case
k = 0, the statement of the lemma holds since instance
Iy is such that it has an optimal solution that is compliant
with Hy. In the inductive case £ > 0, by Lemma we
know that OPTMF(Ik) = OPT(Hk) = OPT(H())IH—I and
OPTyrr(Iyq) is at least OPT(Hyy 1) = OPT(Hp)**2.
We want to show that OPTyp(Iry1) < OPT(Hy)*+2,
Suppose, by contradiction, that there exists a sub-DAG
Hyy1 of Iy such that fz > OPT(I)***. Construct
a sub-DAG Hj of I as follows. For each directed edge
(v,U(zy)) € E(Hpy1), where v is a vertex of Ipy1 in
common with Ij and wu(,) is the source or target ver-
tex of any subgraph H(, .y, add (v,y) into E(Hg) if
y # v, otherwise add (v, ). Recall that, since I° is non-
reversible, for each graph H,., we have OPT)p(He, te, Se) <
OPTMF(H€7SE,7§€) = OPTMF(Ho,S,t) . C[k(e), which
means that, for each edge e of Hy, we can route at least
a flow OPTyr(Ip) times smaller than in H,. Hence, solu-

tion Hj, induces a maximum flow through Hj of at least

OPTnr(Ii1) OPTyr(Ip)+2 k1 .
OPThir(Io) > “OPTwr(l) . = OPTMF(IO) .unlts,
which is a contradiction, since, by induction hypothesis, we

have that OPTyr(Iy) = OPTyr(1o) . u
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By Lemma [2.3] we have the following corollary.

Corollary 4.2: OPT(Hy) = OPTs "

We can prove our main lemma.

Lemma For any o > 1, if MAX-ECMP-DAG is NP-

hard to approximate within a factor of « then

e MIN-ECMP-CONGESTION is NP-hard to approximate
within a factor of « in the single source-target pair
setting;

o MAX-ECMP-FLOW is NP-hard to approximate within a
factor of « in the single source-target pair setting.

Proof: Suppose, by contradiction that there exists an

a > 0, such that MAX-ECMP-FLOW can be approximated
within a factor of «, i.e., there exists a polynomial time
algorithm 4 that, given an instance I of MAX-ECMP-FLOW,
returns a solution of value A(I) > OPT+1F(I). We can
constrct a a-approximation algorithm for MAX-ECMP-DAG
as follows. Let Hy be MAX-ECMP-DAG instance such that
its undirected copy Gy is non-reversible and OPT(H,) is
either 1 or % Let s and ¢ be the source and sink vertices of
Hy. Let c be an integer such that (%)C < a. Let H. = ®°Hy,
denote by G the undirected copy of H., and by I, an instance
(Ge, s,t) of MAX-ECMP-FLOW. By Lemma we have
that OPT(H.) = OPTyr(I:). Now, if OPT(Hp) = 1, we
have that A((G.,s,t)) > «. Otherwise, if OPT(Hy) = 2,
since OPTyr(I.) = OPT(H,) = (%)C we have that
A(l) < (%)C < «. Hence, A can be used to distinguish,
in polynomial time, between MAX-ECMP-DAG instaces with
optimal value 1 or %, which is a contradiction to Theorem
By Lemma [2.3] the same result also holds for MIN-ECMP-

CONGESTION. |

APPENDIX E
SUM OF LINK COSTS INAPPROXIMABILITY

Refer to Appendix [A] for notation and terminology details.
We now consider the MIN-SUM-COST problem closely. As
observed in [16], minimizing the maximum congested edge
is a suitable measure to be minimized in the case a network
administrator wants to ensure that no packet gets sent across
overloaded arcs (e.g., because QoS requirements). Hence,
depending on the context, the inapproximability result of
Theorem [3.1| may be considered over-pessimistic. In fact, even
if just one flow, out of hundred of thousand of flows, is routed
through a congested path, the value of the most congested link
may result in a misleading measure of the congestion of the
entire network. In this case, a sum of link costs can be adopted
as the optimization function to be minimized. Past works [15],
[L6], [17] shown that the link cost increases progressively
as the congestion approaches 1, and explodes when we go
above 1. We model this behaviour by an exponential function
¢(x) = 2% — 1, where z is a measure of the congestion of the
link.

We again exploit our construction technique based on op-
erator ® and we show that routing flows with ECMP remains
inapproximable even with a sum of link costs objective func-
tion:



We first introduce and study a problem called MIN-
CONGESTED-EDGES, where the goal is to minimize the
number of edges that has congestion at least % We then show
how to leverage our ® construction technique in order to
amplify the gap between two different class of instances of
MIN-CONGESTED-EDGES. Finally, we relate in Theorem
MIN-CONGESTED-EDGES to MIN-SUM-COST showing that
the the latter is not approximable within any constant.

MIN-CONGESTED-EDGES problem. In this problem, an
instance I is graph G where a vertex s € V(G) wants to
send a flow of f units to a vertex T' € V(G). The goal is to
minimize the number of edges that has congestion at least %
A solution of the problem is given by an (s,)-DAG.

In the Fortz and Thorup reduction construction from 3-
SAT [18], a formula F' with n variables is transformed into
an instance I = ((G,s,t),-) of MIN-ECMP-CONGESTION
such that, if an assignment satisfies a clause ¢, then the edge
€ ass0c1ated with clause c is such that f =¢c < 1, otherwise

Jee _ . Since the reduction is from 3- SAT we can use the

foilowmg well-known inapproximability result (Theorem. |5.1)
to prove that also in a slightly modified Fortz and Thorup
construction, at least a certain amount of edges must be
congested (Lemma [5.2).

Theorem 5.1: [21]]. For any € > 0, MAX-3-SAT is (% +e)-
hard to approximate.

We omit the proof of the following lemma, which is based
on Thm. and on a straightforward modification of the Fortz
and Thorup construction.

Lemma 5.2: There exists a constant o > 1 such that, given
a congestion threshold C' = %, it is NP-Hard to approximatate
MIN-CONGESTED-EDGES within a factor of « even if the
input instance I is “non-reversible”, in its optimal solution
either all edges have congestion at most 1 or at least a fraction
p > 0 of its edges have congestion at least C, and an
orientation of [ is given in input.

In MIN-CONGESTED-EDGES, an instance I = (G, s,t) is
non-reversible if, in every optimal solution of (G, ¢, s) at least
k > 0 edges have congestion at least %

We now prove the following key lemma that, given an
instance I, provide a lower bound on the number of edges
that are “heavily” congested in ®*I, with k € N.

Let I = (G,s,t) be a non-reversible MIN-SUM-COST
instance such that it only admits solutions where at least a
fraction £ > 0 of its edges have congestion at least C. Let
H be a directed copy of G such that there exists at least an
optimal flow assignment for I compliant with H. We denote
by G}, the undirected copy of @*H and by I}, = (G}, s,t).

Lemma 5.3: For every k > 0, every solution for (G, s, t)
is such that at least a fraction p¥*1 of the edges of G, have
congestion at least C*+1,

Proof: We prove it inductively on k. In the base case
k = 0, the statement trivially holds. In the inductive step

14

k > 0, by inductive hypothesis, in every solution of I* at least
p*TLE(G}.)| edges have congestion at least C*+1. We want to
prove that in every solution of I;.; at least p*T2|E(Gpy1)|
of the edges have congestion at least C*2. Suppose, by
contradiction, that there exists an optimal (s,¢)-DAG A of I} 41
such that less than p**2|E(G}.41)| edges have congestion at
least C**+2. We now construct an (s,t)-DAG Ay, of Ij, from
A exactly as we did in the proof of Lemma

Recall that, each edge e of Gj, with capacity cg, (€) # oo
is replaced by a graph G, = G in G¥*1, where the capacity
of each edge of G. is multiplied by cg, (e). Observe that by
definition of G, we have at least a fraction p of edges in E(Q)
have a congestion of C', when one unit of traffic is routed
from s to t in G. As a consequence, by definition of G., we
know that at least a fraction p of its edges have congestion
C. > Cf., where f. is the amount of flow routed from s, to ¢
in G¥*+1. Since an (s,1)-DAG A}, implies that edge e = E(Gk)
is also traversed by a flow f., its congestion is =¢. By a
simple counting argument, there exist at least 1 — p’“rl |E (Gr)|
subgraphs G, such that for each of them less than p|E(G)|
edges have congestion at least C**2. This implies, that Ay
induces a flow through Gy, such that at least 1 — pF*+1|E(G},)|
edges have congestion at most 'f < Ck i = Ck*+1 whichis a
contradiction since, by 1nduct1ve hypothesm in any solution of
I, at least p"*+1|E(Gy)| edges have congestion at least C*+1.

|

We now prove that MIN-SUM-COST is inapproximable
within any constant factor. We consider the two class of
instances of Lemma [5.2] We then leverage our construction
technique based on operator ® on these instances. As a
consequence, by Lemma.2]and Lemma [5.3] the gap between
the optimal sum of link costs can be arbitrary high.

Theorem 5.4: It is NP-Hard to approximate the MIN-SUM-
CoOST problem within any constant factor.

Proof: Suppose that there exists a a-approximation algo-
rithm for a certain constant «.. Let I = (G, s,t) be an instance
of MIN-CONGESTED-EDGES, where [ is a non-reversible
SINGLE-SOURCE-TARGET instance, in its optimal solution
either (i) all edges are congested at most 1 or (ii) at least
a fraction p of its edges have congesttion at least C, and let
H be a directed copy of G such that there exists at least an
optimal flow assignment of [ that is compliant with H.

We now leverage our result for MIN-CONGESTED-EDGES
to get an estimate of the value of a solution of the MIN-SUM-
COST problem on an instance constructed with operator ®.

In case (i), by Lemma 2] each edge of Gj in the
optimal solution of I* have congestion at most 1. Hence,

Seen@n ¢ (£) £ SMIEGH] = [BG).
(ii), by Lemma there exists at least a fraction p**!
of the edges of Gj that have congestion at least C**1

k+1
Hence Zeemm(f—g) > pHHEGYI ((3)) =
k+1|E(Gk)|2( ) ~1. Hence, the value of an optimal so-

(9 1,01 gimes b
lution in case (ii) is at least 2\2 P times higher than
the value of an optimal solution in case (i). This quantity can

In case



be made greater than «, for any o > 1, by carefully selecting a
certain £ > 0. This implies that, an a-approximation algorithm
for MIN-SUM-COST can be exploited to distinguish between
the two class of instances, which is a contradiction because of
Lemma [3.2 [ |

APPENDIX F
NON-CONSTANT (ALMOST POLYNOMIAL)
INAPPROXIMABILITY FACTORS

Refer to Appendix [A] for notation and terminology details. If
one is willing to use a slightly stronger assumption than P #
NP, namely that NP is not contained in ‘quasi-polynomial’
time, then one can push further the technique of Lemma [3.3
We can show that MAX-ECMP-FLOW is hard to approximate
even within a non-constant factor which is almost a constant
power of the size of the input instance. This hardness result
is obtained by a rather standard computation (see [6]) which
we explain below. To make our statement formal, we define
the quasi-polynomial time family to be the set of decision
problems that have an nllog ")B—time solution, where n denotes
the size of the instance and [ is any positive constant.

Theorem 6.1: For any € > 0, MAX-ECMP-FLOW is hard to

. o logn)'~¢
approximate within factor (ﬁ)( o8 ™)

5 , where n is the number
of edges of the input graph, unless VP is in quasi polynomial
time.

Note that if one assigns the value O to the term e in the
expression for the hardnes-of-approximation factor above, then
it becomes a constant power of n. But since the theorem
requires that e > 0, one can interpret the hardness factor as
being “almost-polynomial” in n — a power of n that slowly
decreases to 0 as n grows. Before we prove Theorem [6.1] let
us start with the following technical lemma.

Lemma 6.2: Let I be a MAX-ECMP-DAG instance. Then
|E(@*D)| < |E(I)|F+2.

Proof: Let |E(I)| be the number of edges of I. The num-
ber of edges of ®*T is |E(®FI)| = |E(I) [T +2(|E(I)[* +
L AHEWD) < B+ 2|E(D)|F < |E(I)|**2, where
in the last inequality we assumed that |E(])| > 2. [ |

We are now ready to prove the Theorem.

Proof of Theorem [6.1; We repeat the construction as
in Lemma [3.3] except that we increase the value of k.
Consider a given MAX-ECMP-DAG instance [y = (G, s,t),
whose optimal solution is either 1 or % We now pick k =
[(log |E(G)|)7], for some constant > 1=<. By Lemma

we have that
|E(@"D)| < |E(I)|*+2, (7

and thus ®*I can be constructed from I in quasi-polynomial

time. By Lemma we have that OPT(®*I) is either 1
or (%)Hl, depending on the maximal flow in the original
instance I. If we could get a polynomial time approximation
for MAX-ECMP-DAG within factor (%)Hl on ®FI (here we
mean polynomial time in the size of ®"I), we could determine
whether OPT(I) is 1 or . Together with the construction of

®FI this would take quasi-polynomial time, and would be a
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contradiction of Theorem [3.2] if we assume that NP is not
contained in quasi-polynomial time.
We thus have that it is hard to get a polynomial time
. . e e o\ k+1 . . k
approximation within (g) for an instance the size of ®"1.
Let us now recompute the value of k as a function of the size

of ®*I. Using Equation [7| we have
B2 > BT
(k+2)log |E(Iy)| > log |E(&"I)|.
Since log |E(Ip)| < kv < (k+ 2)%, we have that

(k+2)(k +2)7 > log |E(2*])]
(k+2)5 > log|E(®*])|
k> (log |[E(@"I)) 77 -2
k> (log |[E(@"T)|)' ¢ -2

which implies that MAX-ECMP-FLOW is not approximable
within a factor of
)1—6

3 k+1 3 (log |E(®"*I)|
— > = ,
2 —\2

unless NP is in quasi polynomial time, which proves the
statementof the theorem. [ ]

APPENDIX G
TE wiTH ECMP 1s NP-HARD FOR HYPERCUBES

Refer to Appendix [A] for notation and terminology details.
Theorem 7.1: Computing the optimal flow in hypercubes
with respect to MIN-ECMP-CONGESTION is NP-Hard.
Proof: we leverage instances used in Theorem [2.1] to
prove the hardness result for hypercube topologies. In par-
ticular, we consider an instance I = (G, s,t) such that either
OPTyc(I) = 1 or OPTyc(I) = 3. We “embed” I into
an hypercube H, with a logarithmic dimension w.r.t. to the
size of I, and we carefully construct a demand matrix D for
vertices in V(H) in such a way that OPTyc(H,D) = 1
iff OPTyc(I) = 1, where OPTyc(H, D) =1 is the value
of an optimal weight assignment for a graph I with demand
matrix D.

Embedding sketch idea. Let I = ((G, s,t), f) be an instance
of MIN-ECMP-CONGESTION, where a vertex s of G wants
to sends a flow of f units to avertex ¢ of G. Consider
an hypercube H that contains a subgraph G’ that it is a
subdivision of G, i.e., a subdivision G’ of a graph G can be
obtained from G by replacing each edge of G with a single
simple path. We can show that such hypercube exists and has
size polynomial w.r.t. the maximum degree of a vertex of G
and the size of G. We then construct a demand matrix among
vertices of H. We add a flow between the endpoints of each
edge e € E(H) in such a way that we saturate the capacity
of e only if e is not in E(G’). In order to enforce capacity
constraints of edges of G to paths in H, for each path p of
G’ that corresponds to an edge e of G, for each edge ¢’ of



p, we assign a certain flow between the endpoints of ¢’ that
limits the capacity of that path. Namely, the higher the value
of the capacity of e, the lower the size of the flow that we
assign between the endpoints of ¢’. These flows are used to
force a flow from s to ¢ to flow exactly through G’. We then
refine are mapping by removing “chords” from the subgraph
induced by vertice of G’. Since G’ is a subdivision of G and
the available capacity of each edge of G’ is properly scaled by
these extra-flows, we can prove that if OPT)c(I) = 1, then
OPTye(H,D) = 1. Otherwise, if OPTyc(I) > 1, then
OPTye(H, D) > 1. Since MIN-ECMP-CONGESTION is NP-
Hard even in the case G has degree at most 3 and O P (1)
is either 1 or 2 [18] then also MIN-ECMP-CONGESTION is
NP-Hard even 1f we restrict our attention to hypercubes.

We now show how to find a subgraph G’ of an hypercube
such that G’ is a subdivision of G.

Embedding a graph instance into an hypercube. Consider
an instance (G, D) of MIN-ECMP-CONGESTION, where D
contains only a flow demand f from s to t. We first map
G into a k-hypercube H, with &k > 0. Let ¢ be an injective
function that maps each vertex v of G to a vertex ¢(v) of
H, each edge e = (v,u) of I to a simple path ¢(e) of H
from ¢(v) to @(u). Let G’ be the subgraph of H such that
e € E(G’) iff there exists an edge ¢’ € E(G) such that ¢(e’)
traverses e. We say that ¢ is an embedding of G into H if G’
is a subdivision of GG. In other words, for each pair of edges e;
and ey of G, paths ¢(e1) and ¢(e2) are internal-vertex-disjoint.

We construct H from G with the following recursive
procedure. Let M = max{|V(G)[22(®)~1 2|E(G)|}, where
A(G) is the degree of the vertex with maximum degree, and
d = 2[lg, M']. We first construct a d-hypercube H using
the following notation to denote its vertices. H contains 2%
vertices U(z,y)> with 0 < z < 25 — 1 and 0 <y< 25 1.
There exists an edge between two vertices vy and v, iff
there exists a n > 0 such that either (x = w) A (|]z — y| =
2) A (gt ) = [gr)). or (y = 2) A (Jz — w] = 27) A
(L] = L))

We now create a mapping ¢ from G to H. Let ug,...,u,
be all the vertices of G. Let ¢(u;) = v(goae)-1;). Let A be
the set of edges of GG that has been mapped to a path of H.
Initially, A = ). Each vertex v order its incident edges into a
sequence F,. For each edge e = (a,b) € E(G), we compute
a path p; from ¢(a) = v(g ) to ¢(b) = v(g,.), where y = ¢(a)
and z = ¢(b), as a concatenation of 5 paths p1, pa, ps, ps and
ps. Suppose e is the i-th (j-th) edge in E, (Ep). If i # 1, p; =
(U(O’y),U(O,yJ,_Qifl)), otherwise p; = (U(O,y))- Ifj#1,ps=
(V(0,2)> V(0,24-2i-1) Otherwise ps = (v(o,)). p2 is a shortest
path from v(g 1 9i-1) t0 V(2)4|41,y+2:-1)- P4 is a shortest path
from v ;425-1) tO0 V(2| A|41,242i-1)- P3 is a shortest path from
V(2| A|+1,y+2i-1) to V(2| A|+1,242i-1)- Add e into A.

See an example of embedding a clique K, of size 4
into an hypercube H of dimension d = 2[lg, M| =
Mgy (max{|V(G)[25-1 2 BG)})] = 2[lg,(max{4 -

~1,12})] = 2[lg,(12)] = 8 in Fig. [7} Each vertex v(, )
of H is represented as a circle in column z and row y.
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Fig. 7: A chque with 4 vertices embedded in a S-hypercube.
Vertices of the clique are mapped to vertices v o, Vo 4, Vg,g and
vp,12, depicted as gray vertices. Dashed lines are depicted in
order to ease the readability of this figure. Let [ be the highest
number of a dashed line intersected by an edge (vy y, 2z 2)
((Vz,y, Tw,y))- Then, it must hold that |y —z| = (| —w| = 1).

Edges of the hypercube are not depicted. In order to better
understand where an edge between two vertices of H exists,
we drew several dashed lines, each of them with a number
beside it. An edge of the hypercube is such that, if it intersect
any dashed line, then its two endpoints have a diffference in
one of their coordinate that is exactly equal to the highest
number associated to any of the intersected dashed lines. Let
ug, U1, Uz, uz be all the vertices of K. We have that ¢(ug) =
(0,00, P(u1) = v(0,4), P(u2) = v(0,8), and ¢(uz) = v(o,12)-
These vertices are colored gray in the picture. Let (ug, u1) be
the first edge of K4 to be analyzed and let (ug, u1) be the first
edge in both E,, and E,,. We have that path p; = (v(0,0)),
path p2 = (v(0,0,v(1,0))> path p3 = (v(1,0),7(1,4)) path
pa = (V(1,4),(0,4))> and ps = (v(,4)). Now, consider edge
(up,uz) and suppose that it is the second (first) edge in
Eu, (Ey,). We have that path p; = (v(0,0),v(0,1)), path
P2 = (V(0,1),Y(2,1),Y(3,1))> path p3 = (v31),v(3,9),V(3,8))>
path ps = (v(38), V(2,8), V(0,8))> and ps = (v(o,g)). Intuitively,
for each edge (x,y), path p; (ps) is used to connect ¢(x)
(¢(y)) to a vertex z (z,) in the first column in the first
“available” row below ¢(x) (¢(y)). Path p; and ps may be
empty in the case (z,y) is the first edge in E, and E,,
respectively. Then, path po (p4) is used to connect 2, (z,) to a
vertex wy (wy) of a column with index 2| A|+1. Observe that,
since p, and py are shortest paths, they never change row. Also,
observe that each of these paths has only one vertex that lies



on a even column, namely on column 2|A| + 1. Finally, path
p3 is used to interconnect these two vertices w, and w,. Also
in this case, path p; never leaves column 2|A| 4+ 1. Because
of these properties, it is easy to see that for each pair of edges
e1 and ey of G, paths ¢(e1) and ¢(ez) are internally vertex-
disjoint.

Assignign flow demands in H. We construct set D from
((G,s,t), f), H, and ¢. For each edge e € E(G), for each

edge (z,y) of ¢(e), add flow ((z,y), 2 (%ﬁfﬁy)) + 1)
and ((y, ), % (emespreteal 41

¢’ € H that has no flow assigned, add flows ((x,y), %) and
((y,x), ) into D. Finally, add a flow ((¢(s), ¢(t)), 5=—).

? 5Cmax

) into D. For each edge

Removing chords from G’. Consider the subgraph of H
induced by vertices of G’, where V(G') = {v € V(H')|3e €
E(QG) such that ¢(e) passes through v} and E(G’) = {e’ €
E(H')|3e € E(G) such that ¢(e) traverses e}}. By the
above construction, G’ may contain edges that are not in
E(G"). We call these edge “chords”. We now show a proce-
dure that, given a mapping ¢ of a graph G into a k-hypercube
H, produces a new mapping ¢’ from G’ to a 2k-hypercube
H' such that the subgraph of H’ induced by vertices in
{v € V(H')|3e € E(G’) such that ¢’ (e) passes through v}
is chordless. The construction works as follow. Map each

vertex * = (xg,...,zx) of H, where x € V(G'), to
vertex ¢/(x) = (qxaqm) = (xoa"'vxk,w()a"'axk) of H.
Consider each edge ¢ = (z,y) = ((zo,...,Zk), (Y0, -+, Yk))

of H, where (x,y) € E(G'). Since (z,y) is an edge of
an hypercube, x and y differs in exactly one coordinate
i. Map (z,y) to a path ¢/'(e) = (¢'(z),z% ¢'(y)), where
T = (¢p:qz) = (T0os -, Tim1,Yis Tit1s -+, Ty To, - - -5 Th),s
where ¢, is obtained by flipping the i-th coordinate of g¢,.
Let G” be a subgraph of H’, such that V(G") = {v €
V(HN|Fu € V(G') st. ¢'(u) = v} and E(G') = {e €
E(H")|3e’ € E(G') s.t. ¢'(€') traverses e}.
Lemma 7.2: G" is chordless.

Proof: Suppose, by contradiction, that G’ is not chord-
less. Then, there exists at least a pair of vertices x and y of G”
that are not adjacent in G” and are adjacent in H'. Let ¢ be the
coordinate in which = and y differs by one element. We have
two cases. If there exist two vertices a and b of G’ such that
¢'(a) = x and ¢’ (b), then, by construction of G/, since a and
b differs in one coordinate, we have that x and y must differ
in two coordinates. This is a contradiction since (z,y) cannot
be a chord. Otherwise, if such two vertices does not exists,
w.l.o.g., let x be a vertex such that there does not exist a vertex
a of G’ with ¢'(a) = x. Observe that, by construction of ¢’,
each vertex z = (g, ¢.) of ¢’(G) has coordinate either (g, ¢.)
or (¢2,q.), with j = 1,... k. Hence, = has coordinates
(¢, qx), with j = 1,... k. = and, since y is a neighbor of =
and it is a vertex of G”, it must have coordinate either (g, q.)
or (g, q%). This leads to a contradiction since, by construction

of G, both ((¢s,4x), (¢}, 42)) and ((q},4x), (a5, 4;)) are
edges of G”. [ |
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Assignign flow demands in H’'. We construct set D’ from
(H,D) and ¢’ as follows. For each flow demand D, in D,
with ¢ # s and y # t, for each edge €' = (2/,y’) traversed
by ¢'((x,y)), add a flow demand D,,, = D,, into D’.
For each edge ¢/ = (2/,y') € E(H') such that there does
not exists an edge e of G’ such that ¢’(e) traverses ¢/, add
flows ((z/,y'), 3) and ((y/,2'), ) into D. Finally, add a flow
demand D’'¢’(s), ¢'(t) = Dg; into D’.

Proving optimal solution for (H’, D').
Lemma 7.3: If OPT]MC'(I) =1, then OPTMc(H/,D/) =
1.

Proof: We first compute a weight assignment of (H', D’)
from a weight assignment of (I, f) that has congestion at
most 1. We first map each flow (z,y) in D’ to an (x,y)-DAG
o((z,y)). Then, we compute weight links from this set of
DAG. Suppose OPTy;c(I) = 1. By construction of D’, each
flow ((z,), 1) € D', with = # &/(6(s)) and y £ &/ (8(2)),
is such that (z,y) € E(H’). Let o((x,y)) = Agy, where
Agy is a (z,y)-DAG that consists of a single edge (z,y).
Consider an optimal (s,t)-DAG A of (I, f). We construct
an (¢'(¢(s)), ¢’ (¢(t)))-DAG Ag; from A;. For each edge e €
E(Aj), add directed path ¢'(¢(e)) into E(Ag;). Finally, let
a((¢'(#(s)), 9" (¢(¢)))) = Ast. By construction of (H', D'),
it is trivial to see that this solution has congestion equal to 1.
Consider an edge (x,y) ¢ As. By construction of (H', D’)
and o, only two saturating flows ((x,y), 1) and ((y,z), 3) are
routed through (x, ), which implies that (x, y) has congestion
equal to 1. Consider now an edge (z,y) € E(Ag). By
construction of (H’, D') and &, we have that (x, y) is traversed
by a fraction of the flow from ¢'(¢(s)) to ¢'(¢(t)) and,
a saturating flow ((ym:), 2 %Cw +1)), where
(u,v) is the edge of A; and edge e’ of ¢((u,v)) is such
that (z,y) is an edge of ¢’(¢’), and a saturating flow
(.00 (et |
g of the unit flow from s to ¢ is routed through (u,v) in G,
then, by construction of A, also a fraction ¢ of the flow from
@' (6(8)) to &' (p(t)) is routed through (z,y). Hence, we have
that the amount of flow routed through (z,y) is

9 2 Cmax — CG((U, U))
) 4Cmaz

_4 (Cmaw — ca((u,0))

) 4Cmaz

)) Observe that, if a fraction

1
+1)+q =

5cmam

1
+1>+q =

5Cmaz

- 1 (Cmaa: - CG((U7U)) + 4Cmaa +Q) _
=% =

Cmax

! (5cmaz ~ ca((,0)) +q> _

Cmax

ca((u,v)) — ¢

Cmaz

-1— <1, since g < ca((u,v)).

We now show how to set link weights in H’ in order to
obtain a flow assignment where flow is routed according to



o. For each saturating flow (z,y) of H' such that (z,y) ¢
E(G"), we set a very large weight W >> 1 to edge (z,y).
Since G” is chordless, each of these flow is routed through
(z,y). Letd = o (¢’ (9(s)), &' (p(t))). We set link weights in &
using Lemma [2.5] Hence, flow demand (¢/(¢(s)), ¢’ (4(t))) is
routed through & and each saturating flow (z,y) of H' such
that (x,y) € E(G”) is routed exactly through (x,y). This
concludes the proof of the lemma. ]

Lemma 7.4: If OPTpyce(I) > 1 and G has maximum
degree 3, then OPTyc(H',D’) > 1.

Proof: Suppose, by contradiction, that there exists an
assignment of the link weights such that mc*(H',D’) < 1.
Among these optimal assignments, consider the one that has
the higher number of saturating flows routed through the edge
that interconnects their source and target vertices. For each
flow ((z,y),) € D', let A,y be the (z,y)-DAG where the
flow is routed through. We show that for each saturating
flow ((z,y), %), where (z,y) € E(H’), we have that A,
consists of a single edge (z,y). Suppose, by contradiction,
that it is not true. Observe that, if A, contains an edge
(@',y'), then Ay C Agy. It implies that there must exists a
saturating flow f* = ((x,y),-) such that A, consists of at
least a directed path p different from (z, y). Observe that A,,
contains an edge (u,v) iff A;, contains an edge (v, u). Let
Ax be such (z,y)-DAG of a saturating flow ((x,y),-) such
that it does not consist of a single edge (z,y). Consider all
the n, edges adjacent to x. Since G has maximum degree
3, we have that at least n, — 4 (one edge connects = to
y) of these edges incident to x are edges whose capacity is
saturated by saturating flows. The remaining edges different
from (z,y) (at most 3) have congestion at least %. If x splits
((x,y),-) among 5 of its neighbors, then it is sending a flow
with size greater than O through an edge that already has
congestion 1. This is a contradiction, since we assumed that
mc*((H',D’)) < 1. Otherwise, = sends at least a fraction
1 of flow ((x,y),1) through at least an edge that already
has congestion at least %, which is a contradiction since we
assumed that mc*((H',D")) < 1.

Hence, for each saturating flow ((z,y), 1), where (z,y) €
E(H'), we have that A,, consists of a single edge (z,y).
Consider now A = Ay (4(s))¢ (4(t))- Observe that A contains
an edge (z,y) only if there exists an edge e € F(G) such that
there exists an edge ¢’ of H traversed by ¢((x,y)) and (z,y)
is traversed by ¢’'(e’). We now compute an (s,t)-DAG A* of
(I, f) such that OPTy;c(I) < 1, which is a contradiction.
For each edge e € F(G) such that for every ¢ € E(G')
traversed by path ¢(e), ¢’(¢’) is contained in A, add e into
E(A*). Observe that, since ¢ and ¢’ defines a subdivion of
G, we have that if a fraction ¢ of the flow from ¢'(¢(s)) to
@' (4(t)) is routed through ¢'(e’), then the same fraction ¢ of
the flow from s to ¢ is routed through e, where ¢(e) traverses
e’. Hence, since congestion of ¢'(e’) is at most 1, it implies
that

.. % (Cmacr —ca((w,v))

4Cmacv
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CG((ua v)) —q

Cma:z:

1- <1

ca((u,v)) > g,

which means that each edge has congestion less than 1, i.e.,
OPTye(I) <1, a contradiction. Hence, the statement of the
theorem holds. [ ]

The theorem easily follows by Lemma and Lemma
Observe also that since the embedded instance I has degree
at most 3, hypercube H' has dimension polynomial w.r.t. the
size of I. [ ]

APPENDIX H
MIN-CONGESTION-UNSPLITTABLE-FLOW
2-INAPPROXIMABILITY

Refer to Appendix [A| for notation and terminology details.
We now prove that even in a simple 2-FCN, i.e., a complete
bipartite graph, it is NP-Hard to approximate MCUF within
a factor of 2. We prove it by a polynomial time reduction
from the 3-EDGE-COLORING problem. The input of 3-EDGE-
COLORING consists of an unoriented graph G and a set of 3
colors {c1, ¢, c3}. Each edge can be colored with any of these
colors. An edge-coloring of G assigns a color to each edge
of G. An edge-coloring is valid if, for each vertex v € V(G),
no pair of edges incident to v have the same colour. If there
exists a valid edge-coloring of G, G is 3-colorable. In 3-
EDGE-COLORING, it is asked to determine whether G is 3-
colorable. The following lemma is a well-known result about
edge-coloring problems.

Lemma 8.1: [22]] It is NP-Hard to determine whether a
graph G with maximum degree 3 is 3-colorable.

We now use this result to prove the following theorem.

Theorem 8.2: It is NP-Hard to approximate MCUF within a
factor of 2, even for a FCN graph I’ with three vertices in the
last stage of F'.

Proof: In this proof, each flow demand that we will have
to route has size 1. Therefore, we avoid to specify the size of
each flow demand and, consequently, the set of flow demands
D is modeled simply as a set of pairs of vertices. Let G be an
input graph of 3-EDGE-COLORING. We construct an instance
I = (F, D) of MCUF, where F' is a 2-FCN and D is a set of
flow demands constructed as follows. Add three vertices ¥,
Y2, and ys3 in the last stage of F. For each vertex v € V(G),
add a vertex u, in the first stage of F'. Connect each vertex
in the first stage to each vertex in tha last stage, i.e., F' is a
complete bipartite graph. Each edge of F' has capacity 1. We
now map each edge of G to a flow demand in D. For each
edge (z,y) € E(G), add a flow demand (u,u,) into D. It is
easy to verify that this construction reduction can be done in
polynomial time w.r.t. the size of GG. Observe that each flow
demand must traverse exactly one vertex in the last stage of
F in order to be routed between its source and target vertices.

We now prove that G is 3-colorable iff there exists a routing
R of flow demands in D such that mc(I, R) = 1. Suppose
that G is 3-colorable and let « be a valid edge-coloring of



G that assigns a color y(e) to each edge of G. We construct
a routing solution R as follows. We first map colors ¢y, c2,
and c3 to vertices Y, y2, and ys, respectively. Then, for each
flow demand (ug,u,), if v((z,y)) = ¢, with ¢ = 1,2,3,
we route (uy,u,) through y;. Suppose, by contradiction, that
there exists an edge of F' that has congestion 2. This implies
that at least two flow demands d; and d» that share at least
one endpoint v, are routed through the same vertex y;, with
i = 1,2,3. By construction of R, this implies that d; and
ds are both incident to v in G and 7y colors both d; and ds
with the same color, which is a contradiction since 7y is a
valid edge-coloring. Suppose now that all flow demands in
D can be routed with congestion at most 1. We construct
a edge-coloring v of G as follows. For each flow demand
(ug,uy), let y; be the vertex in the last stage of F', with
i =1,2,3, that is traversed by (ug,uy). Let v((z,y)) = ¢;.
Suppose, by contradiction, that ~ is not a valid edge-coloring
of G. Let (z,y) and (x,z) be two edges of G such that
v((z,y)) = v((z,2)). By construction of 7, flow demands
(ug,uy) and (ug,u,) are both routed to the same vertex y;,
with ¢ = 1,2, 3. This implies that there are two flows routed
through edge (u,,y;), which is a contradiction.

The above reduction shows that, if G is 3-colorable, I has
congestion at most 1, otherwise, if G is not 3-colorable, F'
has congestion at least 2 since at least two flows are routed
through the same edge. Hence, by Lemma the hardness
of the problem is proved. ]

APPENDIX I
TIGHTNESS ANALYSIS OF EQUILIBRIUM-ALGO

Refer to Appendix [A| for notation and terminology details.
EQUILIBRIUM-ALGO analysis is tight in the case of equal

size flows. We construct an instance I = (F, D) of MCUF
and a routing solution R of I such that there exists a routing
solution R such that mc(I, R) = 1 and there exists a routing
solution R’ such that R’ is an equilibrium and mc(I, R') = 4.
This proves that the result in Corollary [5.4]is tight.

We construct I = (F, D) based on the following recursive
construction. Let k = 4n, for a certain n > 0. Iy = (Fp, @)
consists of a (k,k,k,1)-FCN and an empty set of flow
demands. I,, = (F,,, D,) is a (k,k, k, 1+ k?k’)-FCN, where
k! is the number of (2, k, k)-FCN of I,,_;, constructed as
follow. We denote the first (2, k, k)-FCN of F,, by F'! and the
following k2. (2,k, k)-FCN by F; ;, with i = 1,...,k and
j=1,..., k. The main idea is to map flow demands of several
I, instances to distinct set of k. consecutive (2, k, k)-FCN
of F,. Let ¢(z,y) = ((x — 1)k +y — 1)k + 1. For each
t=1,...,kand j =1,...,k, denote by IV, ; the subgraph of
F, induced'| by vertices in V' (Fy; ;) U. ..UV (Fg( j)4ar—1)
and vertices in the last stage of F,,. Intuitively, ¢(x,y) returns
the index of the first (2, k, k)-FCN of N, ,. Let D,,_; be the
set of flow demand of a I,,_; instance. We now map flows

'Given a graph G and a set of vertices V/ C V(G), a subgraph G’ of
G induced by V' is defined as V(G’') = V' and E(G') = {(z,y) €
E@|zeV' AnyeV'}
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in D,,_ to sets of k. consecutive (2, %, k)-FCN of F,,. For
eachi=1,...,kand j = 1,...,k, for each flow demand
(b3, 08), f) € Doy, add (03207 58+ 20D) £y into D,,.
Observe that, by construction of D,,, there does not exist a
flow demand in D,, that has bl1 as an source vertex, for any
i = 1,...,k. We creates flow demands from these vertices
as follows. For each 1 < ¢ < k, for each j = 1,...,k, if
i #1Aj # k, add a flow demand d from vertex bt of F,
to vertex bf(w ) into D,,. Hence, @(i,7) returns the index of
the first (2, k, k)-FCN of F,, that contains the target vertex of
the j-th flow demand that has b} as source vertex. We denote
by p(d) the subgraph N; ;. Let D,, C D,, be the set of flow
demands that have b} as a source vertex, with i = 1,..., k.
Observe that, for each ¢ = 1,...,k and 7 = 1,...,k, there
exists at most one flow demand in D,, that has a target vertex
in IV; ;. This concludes the definition of I,,.

We now prove some properties of I,,, with n = 1,2, 3, 4.
We first introduce some terminology. Given a routing solu-
tion R of an instance (F, D), we say that a flow demand
d = ((s,t),fa) € D is non-reroutable if EQUILIBRIUM-
ALGO cannot reroute it to a less loaded path, i.e., there does
not exist a path p between s and ¢ such that c(pq) > c¢(p)+ fa.
A routing solution is in equilibrium if every flow in D is non-
reroutable. For any d € D,,, we denote by D(p(d)) the set
of flow demands in D,, that have both their source and target
vertices in p(d) and by D(p(d)) the set of flow demands that
have their source vertex in the first (2, k, k)-FCN of p(d). A
top-down path of F' is a path between a vertex in the last stage
of F' and a vertex in the first stage of F'.

We first prove that, for any n > 0, I,, admits a solution
with congestion exactly 1.

Lemma 9.1: Given an [, instance and a top-down path p of
I, to b}, there exists a routing solution of I,, with congestion
1 and ¢(p) = 0.

Proof: We prove that, given an I,, instance, with n > 0,
given a top-down path p of I, there exists a routing solution
R of I, such that mc(I,,R) = 1 and ¢(p) = 0. We
prove it by induction on n. If n = 0, the statement trivially
holds since there is no flow routed through Iy. If n > 1,
by inductive hypothesis, we have that for each subgraph
Ni,j = (Fi,j;Di,j)7 with ¢ = 1,...;k and j = 1,... k,
contained in I,,, there exists a routing solution R, _; of N, ;
such that, given an arbitrary top-down path p’ of flows in
D(N; ), each edge of N, ; has congestion at most 1 and
c(p’) = 0. We use this inductive hypothesis in order to build
a routing solution for I, with congestion 1 and c¢(p) = 0.
Hence, we now show how to route flows in D,, and then
we use the inductive hypothesis for routing flows in D(N; ;),
with s =1,...,kand j = 1,...,k. Let p = (t/,m},b}) be
the given top-down path, with g =1,...;kandl=1,... k.
For each i = 1,...,k, consider flow demands di,...,d} in
Dy, with | € {k—1,k}. If i = 1 A g # k, route d through
(b}, mi, %) and through an arbitrary top-down path p; , from
t’f to its destination b‘f(l’g). If i > 1A, foreach j =1,...,k,
if i = I route d, through (b}, m},t{) and through an arbitrary



top-down path p;, # p from t{ to its destination bf(l’g),

otherwise, if i # [, route d} through (b;,mj, tJ) and through
an arbitrary top-down path p; ; # p from ¢] to its destination
b(f(i’j ) Observe that, by inductive hypothesis, there exists a
routing solution of flow demands in D(N; ;) such that it has
congestion at most 1 and ¢(p; ;) = 0, with ¢ = 1,...,k and
j =1,...,k. Hence, since each flow in D,, is routed through
a distinct path, we have that the congestion of I,, is at most
1 and ¢(p) = 0. [ |

We now prove that there exists a routing solution R of I,
such that mc(Iy, R) = 4 and R is an equilibrium. We first
introduce the following three lemmas and then we use them
to prove construct such instance 1.

Lemma 9.2: Given a instance I,, = (F,,, D,n), consider a
routing R’ where only flow demands in D,, are routed. For
any d = (s,t) € D,, such that ¢(pg) < n and ¢(pq) < 2, there
exists a routing solution R of I,, such that d and every flow
demand in D(p(d)) is non-reroutable and each flow in D,, is
routed according to R’.

Proof: We prove it by induction on n. In the base case
n = 0, it trivially holds since Dy of Iy is the empty set.
In the inductive step n > 0, consider an arbitrary routing
where only flows in D,, are routed through F,,. Consider a
flow demand d € D,. If ¢(ps) = 1, then it is easy to see
that it is not possible to reroute d in order to obtain a better
routing solution. In fact, for every d € D,,, we always have
that ¢(pg) > 1. Otherwise, if ¢(pq) = 2, suppose that d is
routed through a path (b, m{, ¢! ), with1 < g < k,1 <1<k,
and 1 < h < k. Let b} be a vertex of the first (2, k, k)-FCN
of p(d). Observe that d is routed through p’ = (¢}, m{,b{) in
p(d). We consider an arbitrary routing R’ of flow demands in
D(p(d)) such that (i) only d is routed through p’, (ii) b% routes
its k—1 flow demands dy, . . ., di_1 through its £—1 neighbors
mi,...,my_y,my.y,...,my, and (iii) the value of the most
congested edge in p(d) is less than 2. This implies that,
by construction of R, d is non-reroutable and, by inductive
hypothesis, for every d’ € D(p(d)), d’ and every flow demand
in D(p(d')) is non-reroutable. Hence, every flow demand in
D(p(d)) is non-reroutable, which proves the statement of the
lemma also in this case. ]

Lemma 9.3: Given a I, instance, with n > 3, con-
sider a routing R’ where only flow demands in D, are
routed such that: (i) for each 7 = g + 1,...,k, edges
(mb, i), ..., (m}, ti,) have congestion 3, and (ii) edge
(mi, ] 7
(s,t) € D, with ¢(ps) = 3, such that d is routed neither
through mlg nor through ¢y, for any z = g +1,...,k and
Yy = §+1, ..., k. There exists a routing solution R of I,, such
that d and every flow demand in D(p(d)) are non-reroutable
and each flow in D, is routed according to R’

Proof: We compute such routing solution R as follows.
Assume that d is routed through a path (b, m7,t}), where
m{ # m%ﬁ and tﬁl # t¥, and this path has congestion less
than 4. Let bt be a vertex of the first (2, k, k)-FCN of p(d).

) ha congestion 2. Consider a flow demand d =
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Observe that d is routed through p' = (t},m{,b{) in p(d).
Foreach j =% +1,... k letd],...,d] be flow demands in
D(p(d)) that have bL as source vertex. For eachl=1,...,k,
if [L]+% # j,let I = [5]+£ and route ¢/ through (ml,té)
Otherwise, if [£]+ % = j, route dj through (mk,

). For
each j = 2,3, let dJ, dj be flow demands in D( (d)) that
have bj as source vertex. For eachl = < + 1,...,k, route d{
through (m{, t!). Foreachj =2,..., ’5, let dj ... ,di be flow
demands in D(p(d)) that have b, as source vertex. Route &
and @), through (m,c, ;) Let di,...,d}, be flow demands in
D(p(d)) that have bz as source vertex. Foreachl =1,... k—
1, let [ = [I4] and route d; through (mg, th). Observe that
c(p’) =0. Now route all the remaining ﬂows in D(p(d)) that
were not routed so far in such a way that the congestion of
edges in p(d) is at most 2 and ¢(p’) = 0. This concludes the
definition of R. By construction of R, d is non-reroutable and,
by Lemma for every d’ € D(p(d)) which has c(p’) < 2,
there exists a routing of flows in D(p(d’)) such that d’ and
every flow demand in D(p(d’)) is non-reroutable and every
flow is routed according to R. Hence, every flow demand in
D(p(d)) is non-reroutable, which proves the statement of the
lemma also in this case. ]

It is easy to see that, by a symmetry argument, Lemma
can be used to prove the following lemma.

Lemma 9.4: Given a I[,, instance, with n > 3, consider
a routing R’ where only flow demands in D,, are routed

such that: (i) for each ¢ = g + 1,...,k, either edges
(m} t’kﬂ) .,(m},tt) have congestion 3, and (ii) edge

(m aatr) ha congestion 2. Consider a flow demand d =

(s,tz) € D, with ¢(pg) = 3, such that d is routed neither
1 nor through ¢2, for any z = 4 +1,...,k and

through m;

y=1,... ,2%. There exists a routing solution R of I, such
that d and every flow demand in D(p(d)) are non-reroutable
and each flow in D,, is routed according to R'.

We can now exploit Lemma [9.2] Lemma [0.3] and
Lemma [9.4] in order to build a routing solution R of I,
such that at least an edge has congestion 4 and R is in an
equilibrium.

Lemma 9.5: There exists a routing solution of I that has
congestion 4.

Proof: We compute such routing solution R as fol-
lows. Let d},...,d} be flow demands in D, that have
bl as source vertex. For each j = 1,...,3%, let j =
[72] and route d; through (m tj) We have that edges
(b}mkﬂ) (b}7mk) have congestlon 3. Route d! 35 41
though (ml,tl) Both ezdges (b},ml) and (mf,t}) have con-
gestion 4. For each i = £ + 1,...,k let di,...,di be flow
demands in D, that have b} as source vertex. For each j =

Lkletj=((j—1)mod &)+ 541,47 =2 (i mod &)+
[72] and route dé through (b1 m tj ). We have that, for
54+ 1,... k edges (m tJ) -, (mj tj) have

congestion 3 Let d2 and d3 be two flow demands in Dy

each j =



that have b} as source vertex. Route d? and d3 through

k _
(m},t?). Route all the remining flows in D, through any
2

1 . . k .
path that does not traverse any vertex mj, with 5 > 5. 1In

such a way that the congestion created by these flow demands
is less than 4. Observe that, edges (bi,m1),..., (b1, m})
4

have have congestion 4. Consider any flow demand d in Dy
that is routed through any of these edges. Observe that d is
routed in p(d), through (¢}, mi" b%"), where i* is the index
of a vertex b} of the first (2,k,%)-FCN of p(d) in I,. We
construct a routing solution R’ of flows in D(p(d)) that is
similar to R. Let di ,...,d, be flow demands in D(p(d))
that have bﬁ* as source vertex. For each j = 1,...735, let
j=T1j2]+ % and route d} through (m;,t{) We have that
edges (b}, m’gﬂ), (A m%) have congestion 3. For each
i=%41,...,kletdi,...,d. be the flow demands in Dy
that have b; as source vertex. For each d, with j =1,...,k,
and #; be a vertex traversed by Pdi- Let d?”, . ,d}:” be

the flow demands in D(p(d)) that have b} as source vertex.
Route df, with [ = 1,...,k, through ti7y+1. We have that,
for each j = £ 4+ 1,... k, edges (m;*7ti+1),...,(m§*,t-,7€)
% % 2
have congestion 3. Let dj and dj be two flow demands in
D(p(d)) that have b} as source vertex. Route d? and db
k

through (b5 ,m’ ,t2), exactly as we have done in Dj. We
2

have that, edges (m’, , tQ%), o (mb t%) have congestion 2.
Route all other flows in D(p(d)) tﬁrough any path that does
not traverse any vertex mz with 7 > g in such a way
that the congestion created by these flow demands is less
than 4. Observe that, by construction of R and R’, d is non-
reroutable and, by Lemma [ﬂ], there exists a routing solution
of flows in D(p(d)) such that every flow demand in D(p(d))
is non-reroutable and every flow demand in D(p(d)) is routed
according to R’. Moreover, for every flow demand d’ D, that
is routed through a path with congestion 3, by Lemma [0.3]
there exists a routing R’ of flows in D(p(d’)) such that d’
and every flow demand in D(p(d"”)) are non-reroutable and
every flow demand in D(p(d)) is routed according to R”. For
all the remaing flow demands d” € D, that are routed through
a path that has congestion 2 or 1, by Lemma [9.2] there exists
a routing solution R" of flows in D(p(d")) such that d” and
every flow demand in D(p(d")) are non-reroutable and every
flow demand in D(p(d")) is routed according to R"”’. Hence,
R is in an equilibrium and the lemma is proved. [ |

The following theorem is a direct consequence of
Lemma 0.1 and Lemma

Theorem 9.6: There exists an instance I of MCUF such
that mc*(I) = 1 and EQUILIBRIUM-ALGO returns a routing
solution R such that mc(I, R) = 4.
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